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Abstract 

This study explores the relationship between educational expansion and 
educational inequality through the use of hypothetical examples. It also examines 
the relationship empirically based on a Barro and Lee dataset on educational 
attainment for Asian countries and economies. If individuals without formal 
education are assigned 0 years of education, the education Gini coefficient is likely 
to decline monotonically with educational expansion. In contrast, if we assume that 
they receive some sort of informal education equivalent to a small amount of formal 
education, then the education Gini coefficient is likely to exhibit an inverted U-
shaped pattern. Transforming years of education into human capital using an 
exponential function could lead to the Gini coefficient of human capital exhibiting 
an inverted U-shaped pattern with respect to human capital expansion. On the other 
hand, the standard deviation of education is likely to display an inverted U-shaped 
pattern, whether individuals without formal education are assigned 0 years of 
education or not. The Barro and Lee dataset reveals that the standard deviation of 
education follows an inverted U-shaped pattern, even when individuals without 
formal education are assigned 0 years of education. In contrast, the education Gini 
coefficient demonstrates a downward-sloping pattern when individuals without 
formal education are assigned 0 years of education. However, when assigning one 
year to individuals without formal education, the education Gini coefficient 
displays an inverted U-shaped pattern. These empirical observations align with the 
conclusions drawn from hypothetical examples. 
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1. Introduction 

It is widely believed that the expansion of education serves as an effective means for 

promoting the dissemination of economic opportunities. Numerous empirical studies have thus 

been conducted to explore the relationship between education and the distribution of income 

using cross-section or panel datasets.1 Though the methods and the datasets differ, most studies 

have found that an increase in the average level of education seems to reduce income inequality 

(Ram, 1989; Park, 1996; De Gregorio and Lee, 2002; Park, 2017; Lee and Lee, 2018). 

Meanwhile, the majority of studies investigating the effect of educational inequality on income 

distribution have discovered evidence that supports a direct relationship between inequality of 

education and income inequality, implying that a rise in educational inequality seems to 

increase income inequality (Park, 1996; De Gregorio and Lee, 2002; Park, 2017; Lee and Lee, 

2018).  

As the average level of education and educational inequality both appear to influence 

income inequality, an interesting question arises: How does educational inequality evolve with 

the expansion of education (Ram, 1990). While the partial effect of the expansion of education 

seems to reduce income inequality, this effect could be counteracted or strengthened by changes 

in educational inequality associated with educational expansion (Ram, 1990). Against this 

backdrop, this study examines the relationship between educational expansion and educational 

inequality.2  

This paper is organized as follows. Section 2 introduces measures of educational 

inequality, while section 3 discusses the evolution of educational inequality associated with the 

expansion of education. Section 4 empirically analyzes the relationship between educational 

expansion and educational inequality in Asian countries and economies, utilizing a Barro and 

                                                           
1 For example, Knight and Sabot (1983), Ram (1989), Lam and Levison (1992), Park (1996), De Gregorio and Lee 
(2002), Fordvari and van Leeuwen (2011), Park (2017), Lee and Lee (2018) and Castello-Climent and Domenech 
(2021). 
2 A number of studies have explored the relationship between educational expansion and educational inequality 
(or human capital expansion and human capita inequality). They include Ram (1990), Lam and Levison (1992), 
Park (1996), Castello and Domenech (2002), Lin (2007), Lim and Tang (2008), Hojo (2009), Lin and Yang (2009), 
Agrawal (2014), Meschi and Scervini (2014), Yang, et al. (2014), Coady and Dizioli (2018), Banzragch, et al. 
(2019), Shukla and Mishra (2019), Castello-Climent and Domenech (2021), Almeida, et al. (2022) and Luo, Zeng 
and Baležentis (2022).  
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Lee dataset on educational attainment for the population aged 25 to 64 over the period 1950-

2015. The concluding section summarizes the findings of this study. 

 

2. Measures of Educational Inequality 

To measure inequality in the distribution of educational attainment (educational 

inequality), some researchers have used the variance or standard deviation (Ram, 1990; Lam 

and Levison, 1992; Park, 1996; De Gregorio and Lee, 2002; Meschi and Scervini, 2014; Park 

2017).  

To define the variance and standard deviation of educational attainment, we consider a 

country with four levels of education: (0) no formal education; (1) primary education; (2) 

secondary education; and (3) tertiary education. Let 𝑒𝑒𝑖𝑖  and 𝑝𝑝𝑖𝑖  be the cumulative years of 

education for ith education level and the proportion of people who have completed ith level of 

education as their highest attainment level, respectively (i = 0, 1, 2, and 3). Then, the mean 

years of education for the country is given by  

𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖3
𝑖𝑖=0 ,  (∑ 𝑝𝑝𝑖𝑖3

𝑖𝑖=0 = 1).        (1) 

Using 𝑒𝑒𝑖𝑖, 𝑝𝑝𝑖𝑖 and 𝜇𝜇, the variance and standard deviation of educational attainment are defined 

respectively by 

𝑉𝑉 = ∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23
𝑖𝑖=0 ,          (2) 

σ = √𝑉𝑉 = �∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23
𝑖𝑖=0 .         (3) 

We should note that as a measure of income inequality, the variance or standard deviation 

satisfies three desirable properties: anonymity, population homogeneity (or population 

independence), and the Pigou-Dalton principle of transfers (Anand, 1983; Fields, 2001; Akita 

and Kataoka, 2022). Anonymity means that an inequality measure should not depend on who 

has a higher income or lower income, while population homogeneity denotes that an inequality 

measure remains unchanged if the number of individuals at each income level is changed by 

the same proportion. The Pigou-Dalton transfer principle implies that any income transfer from 

a richer to a poorer individual that does not reverse their relative ranks in income lowers the 

value of an inequality index. 

Since Thomas, et al. (2001) introduced the Gini coefficient of education as an extension 

of the Gini coefficient of income distribution, many researchers have employed the Gini 
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coefficient to measure educational inequality (Castello and Domenech, 2002; Lin, 2007; Lim 

and Tang, 2008; Hojo, 2009; Fordvari and van Leeuwen, 2011; Agrawal, 2014; Meschi and 

Scervini, 2014;  Coady and Dizioli, 2018; Banzragch, et al., 2019; Shukla and Mishra, 2019; 

Castello-Climent and Domenech, 2021; Almeida, et al., 2022; and Luo, et al., 2022). Using 𝑒𝑒𝑖𝑖, 

𝑝𝑝𝑖𝑖 and 𝜇𝜇, the Gini coefficient of education is defined by 

𝐺𝐺 = 1
2𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗=0
3
𝑖𝑖=0 = 1

𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗>𝑖𝑖
3
𝑖𝑖=0  .    (4) 

It should be noted that as a measure of income inequality, the Gini coefficient satisfies 

anonymity, population homogeneity, and the Pigou-Dalton principle of transfers. Moreover, it 

satisfies income homogeneity (or mean independence), which implies that an inequality 

measure remains unchanged if everyone’s income is changed by the same proportion. The Gini 

coefficient is a relative inequality measure, as relative income shares are sufficient to calculate 

the Gini. On the other hand, the variance and standard deviation do not satisfy income 

homogeneity; thus, they are absolute inequality measures. 

To examine the characteristics of the Gini coefficient, we consider two villages, each 

consisting of 5 individuals with different levels of educational attainment (Table 1). In village 

1, there are three individuals with incomplete primary education (3 years of education) and two 

individuals with primary education (6 years of education). On the other hand, in village 2, there 

are three individuals with primary education (6 years of education) and two individuals with 

secondary education (12 years of education). Years of education in village 2 are two times those 

in village 1. But both villages have the same Gini coefficient at 0.171 as follows, exemplifying 

that the Gini coefficient satisfies income homogeneity. 

Village 1:  𝐺𝐺 = 1
4.2

((0.6)(0.4)|6− 3|) = 0.171. 

Village 2:  𝐺𝐺 = 1
8.4

((0.6)(0.4)|12 − 6|) = 0.171. 
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Table 1. Distributions of Educational Attainment for Villages 1 and 2 
 

 Village 1  Village 2 

Individual 
Years of 

education 
Share of years of 

education (%) 
 Years of 

education 
Share of years of 

education (%) 
1 3 14.3  6 14.3 
2 3 14.3  6 14.3 
3 3 14.3  6 14.3 
4 6 28.6  12 28.6 
5 6 28.6  12 28.6 
Total 21 100.0  42 100.0 
Mean 4.20   8.40  
Standard deviation 1.47   2.94  
Gini coefficient 0.171   0.171  
Coefficient of variation (CV) 0.350   0.350  

 

It is important to note that the coefficient of variation, defined by the ratio of the standard 

deviation to the mean (CV), can also be used as a measure of educational inequality.  

𝐶𝐶𝐶𝐶 = 𝜎𝜎
𝜇𝜇
           (5) 

The CV satisfies anonymity, population homogeneity, and the Pigou-Dalton principle of 

transfers. Since two villages have the same CV, the CV also satisfies income homogeneity; thus, 

it is a relative inequality measure. 

Village 1:  𝐶𝐶𝐶𝐶 = 1.47
4.2

= 0.350. 

Village 2:  𝐶𝐶𝐶𝐶 = 2.94
8.4

= 0.350. 

As shown in Fig. 1, villages 1 and 2 have the same Lorenz curve for the distribution of 

educational attainment. The Lorenz curve is often used to visualize an income distribution 

(Lorenz, 1905). To draw the Lorenz curve, we first order all individuals from the poorest to the 

richest. On the horizontal axis, we plot the cumulative population shares of individuals from 

the poorest to the richest, while on the vertical axis, we plot the cumulative income shares. In 

the case of the education Lorenz curve, we first order individuals from the least educated to the 

most educated. Then, on the vertical axis, we plot the cumulative shares of years of education. 

It is important to note that using the Lorenz curve, the Gini coefficient is defined by the ratio 

of the area between the diagonal line and the Lorenz curve to the area of triangle under the 
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diagonal line (see Appendix 1 for the definition of the Gini coefficient). The Gini coefficient 

ranges between 0 and 1. 

 

Figure 1. Education Lorenz Curves for Villages 1 and 2 

 
 

On the other hand, the standard deviation differs in two villages. Village 2 has 2.94, which 

is two times that in village 1 as follows, implying that the standard deviation does not meet 

income homogeneity. The lowest value of the standard deviation is 0. 

Village 1:  𝜎𝜎 = �(0.6)(3 − 4.2)2 + (0.4)(6− 4.2)2 = 1.47. 

Village 2:  𝜎𝜎 = �(0.6)(6 − 8.4)2 + (0.4)(12 − 8.4)2 = 2.94. 

 

3. Educational Expansion and Educational Inequality: Some Hypothetical Examples 

How does educational inequality evolve with the expansion of education? To explore this 

question, let us consider a hypothetical country comprising 10 individuals. Over an extended 

time period, the country has undergone a significant expansion in education. Table 2 illustrates 

the changes in the education structure associated with this expansion, where the numbers are 

years of education attained by each individual: 0 no formal education; 6 primary education; 12 

secondary education; and 16 tertiary education (Example 1). For instance, at time 5, there are 2 
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individuals with no formal education, 4 with primary education, 3 with secondary education, 

and 1 with tertiary education.  

 

Table 2. Changes in the Structure of Education (Example 1) 
 

Individual Time 0 Time 1 Time 2 Time 3 Time 4 Time 5 Time 6 Time 7 Time 8 Time 9 Time 10 
1 0 0 0 0 0 0 0 0 6 6 6 
2 0 0 0 0 0 0 6 6 6 6 12 
3 0 0 0 0 0 6 6 6 6 12 12 
4 0 0 0 0 6 6 6 6 12 12 12 
5 0 0 0 0 6 6 6 12 12 12 12 
6 0 0 0 6 6 6 12 12 12 12 16 
7 0 0 0 6 6 12 12 12 12 16 16 
8 0 0 6 6 12 12 12 12 16 16 16 
9 0 6 6 6 12 12 16 16 16 16 16 
10 6 6 6 12 12 16 16 16 16 16 16 
Total 6 12 18 36 60 76 92 98 114 124 134 
Mean 0.6 1.2 1.8 3.6 6.0 7.6 9.2 9.8 11.4 12.4 13.4 
STD 1.80 2.40 2.75 3.98 4.65 5.04 4.92 4.85 3.90 3.67 3.10 
Gini  0.90 0.80 0.70 0.57 0.42 0.36 0.29 0.27 0.18 0.15 0.11 
CV 3.00 2.00 1.53 1.11 0.77 0.66 0.53 0.50 0.34 0.30 0.23 

 
(Note) STD and CV stands for the standard deviation and the coefficient of variation, respectively. 
 

Table 2 presents the standard deviation of years of education. To examine the evolution 

of educational inequality with the expansion of education, the standard deviation is plotted 

against mean years of education in Fig. 2.  Educational inequality as measured by the standard 

deviation exhibits an inverted U-shaped pattern with respect to educational expansion. The 

standard deviation starts at 1.8 at time 0 when 90% of individuals have no formal education 

with the mean years of education of 0.6. As mean years of education increase, the standard 

deviation rises, but after reaching the peak at around 5.0, it declines. At time 10, it is 3.1 with 

the mean years of education of 13.4, where there are 1 individual with primary education, 4 

with secondary education and 5 with tertiary education. This result is consistent with the results 

of previous empirical studies based on the standard deviation or variance (Ram, 1990; Lam and 

Levison, 1992; Park, 1996; De Gregorio and Lee, 2002; Meschi and Scervini, 2014; Park, 2017; 

and Shukla and Mishra, 2019). It should be noted that under a specific condition, we can 

demonstrate an inverted U-shaped pattern when educational inequality is measured by the 

variance or standard deviation (see Appendix 2). 

 



8 
 

 

Figure 2. Evolution of Educational Inequality by the Standard Deviation (Example 1) 

 
 

Table 2 also provides the Gini coefficient of education for the country. If educational 

inequality is measured by the Gini coefficient, it exhibits a downward-sloping pattern rather 

than an inverted U-shaped pattern, that is, educational inequality declines monotonically with 

educational expansion (Fig. 3).3 This result is consistent with the results of previous empirical 

studies which use the Gini coefficient as a measure of educational inequality (Castello and 

Domenech, 2002; Lin, 2007; Lim and Tang, 2008; Fordvari and van Leeuwen, 2011; Agrawal, 

2014; Meschi and Scervini, 2014; Banzragch, et al., 2019; Shukla and Mishra, 2019; Castello-

Climent and Domenech, 2021; and Luo, Zeng and Baležentis, 2022). We should note that under 

a specific condition, we can show a downward-sloping pattern if educational inequality is 

measured by the Gini coefficient (see Appendix 3). We can also demonstrate that if there is no 

inequality among the educated, the Gini coefficient of education is the same as the proportion 

of individuals without formal education (for example, Gini at time 0, 1, and 2 in Table 2).4 

                                                           
3 The coefficient of variation (CV) also exhibits a downward-sloping pattern rather than an inverted U-shaped 
pattern (see Table 2). 
4 In Appendix 3, we will show that when individuals without formal education are assigned 0 years of education 
(𝑒𝑒0 = 0), the overall education Gini coefficient is given by 𝑝𝑝0 + (1 − 𝑝𝑝0)𝐺𝐺1  where 𝐺𝐺1  is the education Gini 
coefficient among the educated. Therefore, if 𝐺𝐺1  is 0, then the overall Gini is the same as the proportion of 
individuals without formal education. 
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Figure 3. Evolution of Educational Inequality by the Gini Coefficient (Example 1) 

 
 

In contrast to the distribution of income or expenditure, the distribution of educational 

attainment possesses two distinctive characteristics. First, an individual without formal 

education is usually assigned 0 years of education. Therefore, when all individuals do not have 

any formal education, the mean years of education becomes 0, making the Gini coefficient and 

the CV undefined.5 This limitation arises from the presence of the mean years of education (𝜇𝜇) 

in the denominator for both the Gini coefficient and the CV. When only a few individuals obtain 

some formal education with the other individuals having no formal education, the Gini 

coefficient and the CV have a very large value. For example, the Lorenz curve for the 

distribution of educational attainment at time 0 in Table 2 is presented in Fig. 4; the Gini 

coefficient and the CV are very large at 0.90 and 3.0, respectively. However, the Gini coefficient 

and the CV decrease as education expands. The education Lorenz curve at time 5 in Table 2 is 

depicted in Fig. 5; the Gini coefficient and the CV decrease substantially to 0.36 and 0.66, 

respectively. In contrast, even when all individuals have no formal education, the standard 

                                                           
5 When measuring inequality in the distribution of income or expenditure, household incomes or expenditures are 
usually positive; thus, the mean income or expenditure is positive. 
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deviation can be computed and equals to 0. Consequently, in the initial phases of educational 

expansion, the standard deviation rises (refer to Fig. 2). 

 

Figure 4. Education Lorenz Curve at Time 0 in Table 2 

 
 

Figure 5. Education Lorenz Curve at Time 5 in Table 2 
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The second distinctive feature of the distribution of educational attainment arises from the 

presence of an upper limit on the number of years of education. When an individual obtains a 

doctorate degree, the number of years of education is around 20-22, establishing the maximum 

limit. Consequently, whether measuring educational inequality by the standard deviation or the 

Gini coefficient, educational inequality declines during the later stages of educational expansion. 

If all individuals attain the highest degree, educational inequality is reduced to 0.  

We now suppose that individuals without formal education receive some sort of informal 

education (e.g., family education and/or learning by doing) equivalent to a small amount of 

formal education. How does educational inequality change with the expansion of education? 

Table 3 illustrates the changes in the education structure where one year of education is given 

to individuals without formal education (Example 2). Fig. 6 depicts the Gini coefficient against 

the mean years of education. In contrast to Example 1 outlined in Table 2, the Gini exhibits an 

inverted U-shaped pattern in relation to educational expansion. Though not illustrated in Table 

3, if all individuals receive no formal education, then the Gini coefficient is 0 under the 

assumption that they are assigned one year of education. But it rises sharply, and the peak value 

is attained when mean years of education is around 4. This result is consistent with the result 

by Coady and Dizioli (2018), in which individuals without formal education are assigned one 

year to estimate the Gini coefficient.  

 

Table 3. Changes in the Structure of Education (Example 2) 
 

Individual Time 0 Time 1 Time 2 Time 3 Time 4 Time 5 Time 6 Time 7 Time 8 Time 9 Time 10 
1 1 1 1 1 1 1 1 1 6 6 6 
2 1 1 1 1 1 1 6 6 6 6 12 
3 1 1 1 1 1 6 6 6 6 12 12 
4 1 1 1 1 6 6 6 6 12 12 12 
5 1 1 1 1 6 6 6 12 12 12 12 
6 1 1 1 6 6 6 12 12 12 12 16 
7 1 1 1 6 6 12 12 12 12 16 16 
8 1 1 6 6 12 12 12 12 16 16 16 
9 1 6 6 6 12 12 16 16 16 16 16 
10 6 6 6 12 12 16 16 16 16 16 16 
Total 15 20 25 41 63 78 93 99 114 124 134 
Mean 1.5 2.0 2.5 4.1 6.3 7.8 9.3 9.9 11.4 12.4 13.4 
STD 1.50 2.00 2.29 3.53 4.27 4.75 4.73 4.66 3.90 3.67 3.10 
Gini 0.30 0.40 0.42 0.44 0.37 0.33 0.28 0.26 0.18 0.15 0.11 
CV 1.00 1.00 0.92 0.86 0.68 0.61 0.51 0.47 0.34 0.30 0.23 
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Figure 6. Evolution of Educational Inequality by the Gini Coefficient (Example 2) 

 
 

Some researchers use the concept of human capital and measured human capital 

inequality by the Gini coefficient. In their studies, the number of years of education is converted 

to human capital, usually, using the following exponential equation (Lim and Tang, 2008; 

Morrisson and Murtin, 2013).6  

ℎ𝑖𝑖 = exp (𝑟𝑟𝑒𝑒𝑖𝑖),         (6) 

where ℎ𝑖𝑖  and 𝑟𝑟  are human capital for education level i and returns to formal education, 

respectively. Here, for simplicity, returns to formal education is assumed to be constant across 

education levels. If this equation is used to obtain human capital for each education level, then 

ℎ𝑖𝑖 > 0 for 𝑒𝑒𝑖𝑖 ≥ 0 (i = 0, 1, 2, and 3). In particular, we have ℎ0 = 1 when an individual without 

formal education is assigned 0 years of education (that is, 𝑒𝑒0 = 0).  

In order to investigate the evolution of human capital inequality, we transform the years 

of education presented in Table 2 into human capital using Eq. (6) where the returns to formal 

education is set at 0.1 (Table 4). Fig. 7 presents the evolution of the Gini coefficient of human 

                                                           
6 Though Castello and Domenech (2002) and Castello-Climent and Domenech (2021) employed the concept of 
human capital, they used years of education as a proxy for human capital and assigned 0 to individuals without 
formal education. Consequently, they observed a downward sloping pattern for the relationship between the 
expansion of human capital and the Gini coefficient of human capital. 
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capital with respect to the expansion of human capital. Despite assigning 0 years to individuals 

without formal education, the Gini coefficient of human capital displays an inverted U-shaped 

pattern because ℎ0 = 1, which markedly contrasts with the pattern depicted in Fig. 3. This 

outcome is consistent with the results of Lim and Tang (2008) and Morrisson and Murtin (2013), 

who found an inverted U-shaped pattern for the relationship between the expansion of human 

capital and the Gini coefficient of human capital.  

 

Table 4. Changes in the Structure of Human Capital (Constructed Based on Example 1) 
 

Individual Time 0 Time 1 Time 2 Time 3 Time 4 Time 5 Time 6 Time 7 Time 8 Time 9 Time 10 
1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.82 1.82 1.82 
2 1.00 1.00 1.00 1.00 1.00 1.00 1.82 1.82 1.82 1.82 3.32 
3 1.00 1.00 1.00 1.00 1.00 1.82 1.82 1.82 1.82 3.32 3.32 
4 1.00 1.00 1.00 1.00 1.82 1.82 1.82 1.82 3.32 3.32 3.32 
5 1.00 1.00 1.00 1.00 1.82 1.82 1.82 3.32 3.32 3.32 3.32 
6 1.00 1.00 1.00 1.82 1.82 1.82 3.32 3.32 3.32 3.32 4.95 
7 1.00 1.00 1.00 1.82 1.82 3.32 3.32 3.32 3.32 4.95 4.95 
8 1.00 1.00 1.82 1.82 3.32 3.32 3.32 3.32 4.95 4.95 4.95 
9 1.00 1.82 1.82 1.82 3.32 3.32 4.95 4.95 4.95 4.95 4.95 
10 1.82 1.82 1.82 3.32 3.32 4.95 4.95 4.95 4.95 4.95 4.95 
Total 10.82 11.64 12.47 15.61 20.25 24.20 28.15 29.65 33.61 36.74 39.87 
Mean 1.08 1.16 1.25 1.56 2.02 2.42 2.82 2.97 3.36 3.67 3.99 
STD 0.25 0.33 0.38 0.70 0.91 1.20 1.31 1.27 1.21 1.18 1.06 
Gini 0.07 0.11 0.14 0.22 0.24 0.26 0.25 0.23 0.20 0.17 0.14 
CV 0.23 0.28 0.30 0.45 0.45 0.49 0.47 0.43 0.36 0.32 0.26 

 
Figure 7. Evolution of Human Capital Inequality by the Gini Coefficient (Example 1) 
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In summary, the results vary significantly depending on how individuals without formal 

education are treated. If individuals without formal education are assigned 0 years of education, 

it is likely that the Gini coefficient of education declines monotonically with educational 

expansion (see Fig. 3). In contrast, if we assume that they receive some sort of informal 

education equivalent to a small amount of formal education (one year or two years), then the 

Gini coefficient of education is likely to exhibit an inverted U-shaped pattern with respect to 

educational expansion (see Fig. 6). If we transform years of education to human capital using 

an exponential function with positive returns to education, then the Gini coefficient of human 

capital is likely to exhibit an inverted U-shaped pattern with respect to human capital expansion. 

This is due to the fact that individuals without formal education possess positive human capital 

(see Fig. 7).  

Let us next consider another example (Example 3), which is presented in Table 5. Fig. 8 

shows the evolution of the Gini coefficient of education with educational expansion. From time 

0 to 4, there exist only two education levels: no formal education and primary education. 

Because there is no disparity among individuals with primary education during this period, the 

Gini coefficient remains identical to the proportion of individuals without formal education (see 

footnote 4). The Gini declines monotonically during the early stages of educational expansion. 

But, in contrast to Example 1, it displays a subtle inverted U-shaped pattern after reaching its 

bottom at time 5 to 6 (mean years of education of 6.0 to 7.6). This implies that if a country, on 

average, commence with a primary to junior secondary education level, the Gini coefficient of 

education might display an inverted U-shaped pattern.  
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Table 5. Changes in the Structure of Education (Example 3) 
 

Individual Time 0 Time 1 Time 2 Time 3 Time 4 Time 5 Time 6 Time 7 Time 8 Time 9 Time 10 
1 0 0 0 0 0 0 6 6 6 6 6 
2 0 0 0 0 0 6 6 6 6 6 12 
3 0 0 0 0 0 6 6 6 6 12 12 
4 0 0 0 0 6 6 6 6 6 12 12 
5 0 0 0 6 6 6 6 6 12 12 12 
6 0 0 0 6 6 6 6 6 12 12 16 
7 0 0 6 6 6 6 6 12 12 16 16 
8 0 0 6 6 6 6 6 12 16 16 16 
9 0 6 6 6 6 6 12 16 16 16 16 
10 6 6 6 6 6 12 16 16 16 16 16 
Total 6 12 24 36 42 60 76 92 108 124 134 
Mean 0.6 1.2 2.4 3.6 4.2 6.0 7.6 9.2 10.8 12.4 13.4 
STD 1.80 2.40 2.94 2.94 2.75 2.68 3.32 4.12 4.21 3.67 3.10 
Gini 0.90 0.80 0.60 0.40 0.30 0.18 0.17 0.23 0.21 0.15 0.11 
CV 3.00 2.00 1.22 0.82 0.65 0.45 0.44 0.45 0.39 0.30 0.23 

 
 
 

Figure 8. Evolution of Educational Inequality by the Gini Coefficient (Example 3) 
 

 
 

We should note that even when individuals without formal education are given one year 

of education, the education Gini coefficient shows a similar pattern to the one presented in Fig. 

8 after time 5 to 6. On the other hand, Fig. 9 depicts the evolution of the standard deviation of 

education with the expansion of education. It displays an inverted W-shaped pattern instead of 

an inverted U-shaped one. But, after time 5 (mean years of education of 6.0), it exhibits an 

inverted U-shaped pattern. Because the standard deviation does not satisfy income homogeneity, 
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meaning that it is dependent on the mean years of education, the inverted U-shaped pattern is 

magnified. 

 

Figure 9. Evolution of Educational Inequality by the Standard Deviation (Example 3) 
 

 
 

 

4. Educational Expansion and Educational Inequality: Empirical Evidence 

Using a Barro and Lee dataset on educational attainment over the period 1950-2015, this 

section empirically analyzes the relationship between educational expansion and educational 

inequality (Barro and Lee, 2013). The dataset provides proportions of the population aged 25-

64 with seven levels of education: (0) no formal education, (1) incomplete primary, (2) 

complete primary, (3) lower secondary, (4) upper secondary, (5) incomplete tertiary, and (6) 

complete tertiary education. Using Eqs. (3) and (4), the standard deviation and Gini coefficient 

are estimated by assigning 0, 3, 6, 9, 12, 14 and 16 years for these respective education levels 

(refer to Appendix 4 for more details). 

. 

4.1. Empirical Evidence from Asian Countries and Economies 

Table 6 presents a list of Asian countries and economies included in the Barro and Lee 

dataset. Based on the data for these countries and economies, Fig. 10 depicts the evolution of 

educational inequality by the standard deviation. The standard deviation of education exhibits 
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an inverted U-shaped pattern and attains the peak value when the mean years of education is 

around 7 years. This inverted U-shaped pattern coincides with the one observed in Example 1 

of the previous section (Fig. 2). 

 

Table 6. Asian Countries and Economies in the Barro and Lee Dataset 

 

Region Countries and economies 
South Asia Afghanistan 
 Bangladesh 
 India 
 Maldives 
 Nepal 
 Pakistan 
 Sri Lanka 
Southeast Asia Brunei Darussalam 
 Cambodia 
 Indonesia 
 Lao People's Democratic Republic 
 Malaysia 
 Myanmar 
 Philippines 
 Singapore 
 Thailand 
 Viet Nam 
Central Asia Kazakhstan 
 Kyrgyzstan 
 Tajikistan 
China & Mongolia China 
 China, Hong Kong Special Administrative region 
 China, Macao Special Administrative Region 
 Mongolia 
Pacific Fiji 
 Papua New Guinea 
 Tonga 
Developed Asia Japan 
 Republic of Korea 
 Taiwan 
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Figure 10. Evolution of Educational Inequality by the Standard Deviation (Asian Countries 
and Economies) 

 

 
(Note) Vertical axis: standard deviation of education. 
(Source) Barro and Lee dataset (Barro and Lee, 2013) 

 

When educational inequality is measured by the Gini coefficient, it displays a downward 

sloping pattern (Fig. 11). This pattern coincides with the one observed in Example 1 of the 

previous section (Fig. 3). If individuals without formal education are assigned one year, the 

Gini coefficient of education shows an inverted U-shaped pattern (Fig. 12), which resembles 

the pattern observed in Example 2 of the previous section (Fig. 6). However, in contrast to the 

standard deviation, the peak is reached at a significantly smaller number of years of education 

(around 3 years). 
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Figure 11. Evolution of Educational Inequality by the Gini Coefficient (Asian Countries and 

Economies) 
 

 
 

(Note) Vertical axis: education Gini coefficient. 
(Source) Barro and Lee dataset (Barro and Lee, 2013) 

 

 

Figure 12. Evolution of Educational Inequality by the Gini Coefficient (Asian Countries and 
Economies): Years of No Formal Education = 1  

 

 
 

(Note) Vertical axis: education Gini coefficient. 
(Source) Barro and Lee dataset (Barro and Lee, 2013) 
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4.2. A Comparison between Three Asian Sub-regions (South Asia, Southeast Asia and 
Developed Asia) 

It is intriguing to compare between three sub-regions: South Asia, Southeast Asia, and 

Developed Asia. Fig. 13 shows the Gini coefficient of education for these three sub-regions, 

which exhibits a downward sloping pattern. But, while South Asia displays a linear trend, 

Southeast Asia and Developed Asia demonstrate a slight bending pattern.7  

 

Figure 13. Evolution of Educational Inequality by the Gini Coefficient: A Comparison 
between Three Asian Sub-regions 

 

 
(Note) (1) ∆ South Asia, x Southeast Asia, and □ Developed Asia, (2) vertical axis: education Gini coefficient. 

(Source) Barro and Lee dataset (Barro and Lee, 2013) 
 

With the exception of Maldives and Sri Lanka, South Asian countries had a very high 

proportion of individuals without formal education during the early decades (1950s to 1970s); 

the mean proportion was around 0.5. As a result, the Gini coefficient of education is highly 

correlated with the proportion of individuals without formal education in South Asia with the 

correlation coefficient of 0.99.8 Meanwhile, Developed Asia started with a relatively high level 

                                                           
7 The Gini coefficient for China follows a similar trend pattern to that of South Asia, albeit at a significantly lower 
magnitude at each level of education. 
8 As we will discuss in Appendix 3, when individuals without formal education are assigned 0 years of education 
(𝑒𝑒0 = 0), the overall education Gini coefficient is given by 𝑝𝑝0 + (1 − 𝑝𝑝0)𝐺𝐺1  where 𝐺𝐺1  is the education Gini 
coefficient among the educated. Because 0.125 ≤ 𝐺𝐺1 ≤0.384 for South Asia, the overall Gini is highly correlated 
with the proportion of individuals without formal education.  
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of education in the 1950s with the mean years of education of 4.8. Its Gini coefficient declines 

gradually with educational expansion, but at a decelerating rate. Southeast Asia shows a similar 

pattern to Developed Asia though started with a lower level of education.  

It is important to note that because Developed Asia started with a relatively high level of 

education, its Gini coefficient shows a declining trend even when a value of one is assigned to 

individuals without formal education (Fig. 14). This is in sharp contrast to the patterns observed 

for South Asia and Southeast Asia (Fig. 15).  

 

 

Figure 14. Evolution of Educational Inequality by the Gini Coefficient (Developed Asia): 
Years of No Education = 1 

 

 
(Note) Vertical axis: education Gini coefficient. 

(Source) Barro and Lee dataset (Barro and Lee, 2013) 
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Figure 15. Evolution of Educational Inequality by the Gini Coefficient (South Asia and 

Southeast Asia): Years of No Education = 1 
 

 
 

(Note) (1) ∆ South Asia and x Southeast Asia, (2) Vertical axis: education Gini coefficient. 
(Source) Barro and Lee dataset (Barro and Lee, 2013) 

 

5. Concluding Remarks 

This study explored the relationship between educational expansion and educational 

inequality through the use of hypothetical examples. It also examined the relationship 

empirically based on a Barro and Lee dataset on educational attainment for Asian countries and 

economies.   

The major findings are summarized as follows. If individuals without formal education 

are assigned 0 years of education, the Gini coefficient of education is likely to decline 

monotonically with educational expansion. In contrast, if we assume that they receive some sort 

of informal education equivalent to a small amount of formal education, then the education Gini 

coefficient is likely to exhibit an inverted U-shaped pattern with respect to educational 

expansion. Transforming years of education into human capital using an exponential function 

with positive returns to education could lead to the Gini coefficient of human capital exhibiting 

an inverted U-shaped pattern with respect to human capital expansion. On the other hand, the 

standard deviation (or variance) of education is likely to display an inverted U-shaped pattern, 

whether individuals without formal education are assigned 0 years of education or a positive 

number of years of education.  
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The Barro and Lee dataset for Asian countries and economies reveals that the standard 

deviation of education follows an inverted U-shaped pattern in relation to educational expansion, 

even when individuals without formal education are assigned 0 years of education. In contrast, 

the dataset shows that the Gini coefficient of education demonstrates a downward-sloping 

pattern when individuals without formal education are assigned 0 years of education. A 

comparison among South Asia, Southeast Asia, and Developed Asia reveals that while South 

Asia exhibits a linear downward trend, Southeast Asia and Developed Asia both demonstrate a 

slight bending pattern. However, when assigning one year to individuals without formal 

education, the Gini coefficient of education displays an inverted U-shaped pattern, though it 

attains the peak value at much earlier stages of educational expansion than the standard 

deviation of education. These empirical observations align with the conclusions drawn from 

hypothetical examples.  

 

Appendix 1: Definitions of the Gini Coefficient and the Education Gini Coefficient 

The Gini coefficient can be defined as the ratio of the area between the diagonal line and the 

Lorenz curve to the area of the triangle beneath the diagonal line (see Fig. 16). To 

mathematically establish this definition, consider a country with n individuals arranged in non-

descending order of their incomes: 0 ≤ 𝑦𝑦1 ≤ 𝑦𝑦2 ≤ ⋯ ≤ 𝑦𝑦𝑛𝑛. Let 𝐹𝐹𝑖𝑖  and 𝐻𝐻𝑖𝑖 be the cumulative 

shares of population and income up to ith individual, respectively, where 𝐹𝐹0 = 𝐻𝐻0 = 0 and 

𝐹𝐹𝑛𝑛 = 𝐻𝐻𝑛𝑛 = 1. Then, the area of the trapezoid under the Lorenz curve between the ith and (i+1)th 

individuals is given by 1
2

(𝐹𝐹𝑖𝑖+1 − 𝐹𝐹𝑖𝑖)(𝐻𝐻𝑖𝑖+1 + 𝐻𝐻𝑖𝑖). Summing this from 𝑖𝑖 = 0 to 𝑖𝑖 = 𝑛𝑛 − 1, we 

obtain the area under the Lorenz curve as follows: 1
2
∑ (𝐹𝐹𝑖𝑖+1 − 𝐹𝐹𝑖𝑖)(𝐻𝐻𝑖𝑖+1 + 𝐻𝐻𝑖𝑖)𝑛𝑛−1
𝑖𝑖=0 . Therefore, 

the area between the diagonal line and the Lorenz curve is given by 1
2
− 1

2
∑ (𝐹𝐹𝑖𝑖+1 −𝑛𝑛−1
𝑖𝑖=0

𝐹𝐹𝑖𝑖)(𝐻𝐻𝑖𝑖+1 + 𝐻𝐻𝑖𝑖). Since the Gini coefficient is the ratio of this area to the area of the triangle 

under the diagonal line, we obtain 

𝐺𝐺 = 1 − ∑ (𝐹𝐹𝑖𝑖+1 − 𝐹𝐹𝑖𝑖)(𝐻𝐻𝑖𝑖+1 + 𝐻𝐻𝑖𝑖)𝑛𝑛−1
𝑖𝑖=0 .      (7) 
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Figure 16. Lorenz Curve and Gini Coefficient 

 

 
By definition, we have the following relationships: 𝐹𝐹𝑖𝑖 = 𝑖𝑖

𝑛𝑛
 and 𝐻𝐻𝑖𝑖 = 1

𝑛𝑛𝑛𝑛
∑ 𝑦𝑦𝑗𝑗𝑖𝑖
𝑗𝑗=1 , where 

𝜇𝜇 = 1
𝑛𝑛
∑ 𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 . Since we have 𝐹𝐹𝑖𝑖+1 − 𝐹𝐹𝑖𝑖 = 1

𝑛𝑛
, Eq. (7) can be rewritten as follows. 

𝐺𝐺 = 1 − 1
𝑛𝑛
∑ (𝐻𝐻𝑖𝑖+1 + 𝐻𝐻𝑖𝑖)𝑛𝑛−1
𝑖𝑖=0 .        (8) 

We will now demonstrate the equivalence of this definition with an alternative definition 

given in the following proposition.  

 

Proposition 1 

The Gini coefficient, as defined by Eq. (7), is equivalent to the following definition. 

𝐺𝐺 = 1
2𝑛𝑛2𝜇𝜇

∑ ∑ �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗�𝑛𝑛
𝑗𝑗=1

𝑛𝑛
𝑖𝑖=1 = 1

𝑛𝑛2𝜇𝜇
∑ ∑ �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗�𝑗𝑗≤𝑖𝑖
𝑛𝑛
𝑖𝑖=1 .   (9) 

Proof 

Because we have ∑ (𝐹𝐹𝑖𝑖+1𝐻𝐻𝑖𝑖+1 − 𝐹𝐹𝑖𝑖𝐻𝐻𝑖𝑖)𝑛𝑛−1
𝑖𝑖=0 = 𝐹𝐹𝑛𝑛𝐻𝐻𝑛𝑛 − 𝐹𝐹0𝐻𝐻0 = 1, Eq. (7) can be modified as 

follows, 

𝐺𝐺 = ∑ (𝐹𝐹𝑖𝑖𝐻𝐻𝑖𝑖+1 − 𝐹𝐹𝑖𝑖+1𝐻𝐻𝑖𝑖)𝑛𝑛−1
𝑖𝑖=0   

= ∑ (𝐹𝐹𝑖𝑖−1𝐻𝐻𝑖𝑖 − 𝐹𝐹𝑖𝑖𝐻𝐻𝑖𝑖−1)𝑛𝑛
𝑖𝑖=1   
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= ∑ (𝐹𝐹𝑖𝑖(𝐻𝐻𝑖𝑖 − 𝐻𝐻𝑖𝑖−1) − (𝐹𝐹𝑖𝑖 − 𝐹𝐹𝑖𝑖−1)𝐻𝐻𝑖𝑖)𝑛𝑛
𝑖𝑖=1   

= ∑ �𝐹𝐹𝑖𝑖(𝐻𝐻𝑖𝑖 − 𝐻𝐻𝑖𝑖−1) − 1
𝑛𝑛
𝐻𝐻𝑖𝑖�𝑛𝑛

𝑖𝑖=1   

= 1
𝑛𝑛2𝜇𝜇

∑ (𝑛𝑛2𝜇𝜇𝐹𝐹𝑖𝑖(𝐻𝐻𝑖𝑖 − 𝐻𝐻𝑖𝑖−1) − 𝑛𝑛𝑛𝑛𝐻𝐻𝑖𝑖)𝑛𝑛
𝑖𝑖=1 . 

Since we have 𝐹𝐹𝑖𝑖 = 𝑖𝑖
𝑛𝑛
 (or 𝑛𝑛𝐹𝐹𝑖𝑖 = 𝑖𝑖), 𝐻𝐻𝑖𝑖 = 1

𝑛𝑛𝑛𝑛
∑ 𝑦𝑦𝑗𝑗𝑖𝑖
𝑗𝑗=1  and 𝐻𝐻𝑖𝑖 − 𝐻𝐻𝑖𝑖−1 = 𝑦𝑦𝑖𝑖

𝑛𝑛𝑛𝑛
, the equation above is 

rewritten as follows. 

𝐺𝐺 = 1
𝑛𝑛2𝜇𝜇

∑ �𝑖𝑖𝑦𝑦𝑖𝑖 − ∑ 𝑦𝑦𝑗𝑗𝑖𝑖
𝑗𝑗=1 �𝑛𝑛

𝑖𝑖=1 .       (10) 

Since we have  ∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 = ∑ ∑ 𝑦𝑦𝑖𝑖𝑗𝑗≤𝑖𝑖

𝑛𝑛
𝑖𝑖=1  and ∑ ∑ 𝑦𝑦𝑗𝑗𝑖𝑖

𝑗𝑗=1
𝑛𝑛
𝑖𝑖=1 = ∑ ∑ 𝑦𝑦𝑗𝑗𝑗𝑗≤𝑖𝑖

𝑛𝑛
𝑖𝑖=1 , this equation can be 

modified to  

𝐺𝐺 = 1
𝑛𝑛2𝜇𝜇

∑ ∑ �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗�𝑗𝑗≤𝑖𝑖
𝑛𝑛
𝑖𝑖=1   

= 1
2𝑛𝑛2𝜇𝜇

∑ ∑ �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗�𝑛𝑛
𝑗𝑗=1

𝑛𝑛
𝑖𝑖=1 . 

Hence, we establish the equivalence between Eq. (7) and Eq. (9). 

𝐺𝐺 = 1 − ∑ (𝐹𝐹𝑖𝑖+1 − 𝐹𝐹𝑖𝑖)(𝐻𝐻𝑖𝑖+1 + 𝐻𝐻𝑖𝑖)𝑛𝑛−1
𝑖𝑖=0 = 1

2𝑛𝑛2𝜇𝜇
∑ ∑ �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗�𝑛𝑛

𝑗𝑗=1
𝑛𝑛
𝑖𝑖=1 . 

 

We will next show the equivalence of this definition with another definition presented in 

the following proposition. 

 

Proposition 2 

The Gini coefficient, as defined by Eq. (9), is equivalent to the following definition. 

G = 2
𝑛𝑛𝑛𝑛
𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖(𝑦𝑦𝑖𝑖),𝑦𝑦𝑖𝑖)         (11) 

where 𝑖𝑖(𝑦𝑦𝑖𝑖) is the ranking of individuals in terms of their incomes.  

Proof 

By the definition of covariance, we can modify Eq. (11) as follows. 

G = 2
𝑛𝑛𝑛𝑛

1
𝑛𝑛
∑ (𝑖𝑖 − 𝚤𝚤)̅(𝑦𝑦𝑖𝑖 − 𝜇𝜇)𝑛𝑛
𝑖𝑖=1    

 = 2
𝑛𝑛2𝜇𝜇

(∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − 𝜇𝜇 ∑ 𝑖𝑖𝑛𝑛

𝑖𝑖=1 − 𝚤𝚤̅∑ 𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 + 𝚤𝚤𝑛̅𝑛𝑛𝑛) 

 = 2
𝑛𝑛2𝜇𝜇

(∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − 𝜇𝜇 ∑ 𝑖𝑖𝑛𝑛

𝑖𝑖=1 ) 
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 = 1
𝑛𝑛2𝜇𝜇

�2∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − 2

𝑛𝑛
𝑛𝑛(𝑛𝑛+1)

2
∑ 𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 � 

 = 1
𝑛𝑛2𝜇𝜇

(2∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − (𝑛𝑛 + 1)∑ 𝑦𝑦𝑖𝑖𝑛𝑛

𝑖𝑖=1 ) 

 = 1
𝑛𝑛2𝜇𝜇

(∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − ∑ (𝑛𝑛 + 1 − 𝑖𝑖)𝑦𝑦𝑖𝑖𝑛𝑛

𝑖𝑖=1 ) 

On the other hand Eq. (10) can be modified to  

𝐺𝐺 = 1
𝑛𝑛2𝜇𝜇

∑ �𝑖𝑖𝑦𝑦𝑖𝑖 − ∑ 𝑦𝑦𝑗𝑗𝑖𝑖
𝑗𝑗=1 �𝑛𝑛

𝑖𝑖=1    

 = 1
𝑛𝑛2𝜇𝜇

�∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − ∑ ∑ 𝑦𝑦𝑗𝑗𝑖𝑖

𝑗𝑗=1
𝑛𝑛
𝑖𝑖=1 �  

 = 1
𝑛𝑛2𝜇𝜇

(∑ 𝑖𝑖𝑦𝑦𝑖𝑖𝑛𝑛
𝑖𝑖=1 − ∑ (𝑛𝑛 + 1 − 𝑖𝑖)𝑦𝑦𝑖𝑖𝑛𝑛

𝑖𝑖=1 )  

because we have 

∑ ∑ 𝑦𝑦𝑗𝑗𝑖𝑖
𝑗𝑗=1

𝑛𝑛
𝑖𝑖=1 = (𝑦𝑦1) + (𝑦𝑦1 + 𝑦𝑦2) + ⋯+ (𝑦𝑦1 + 𝑦𝑦2 + 𝑦𝑦3 + ⋯+ 𝑦𝑦𝑛𝑛) = ∑ (𝑛𝑛 + 1 − 𝑖𝑖)𝑦𝑦𝑖𝑖𝑛𝑛

𝑖𝑖=1 . 

Therefore, Eq. (9) is equivalent to Eq. (11). 

𝐺𝐺 = 1
𝑛𝑛2𝜇𝜇

∑ ∑ �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗�𝑗𝑗≤𝑖𝑖
𝑛𝑛
𝑖𝑖=1 = 2

𝑛𝑛𝑛𝑛
𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖(𝑦𝑦𝑖𝑖),𝑦𝑦𝑖𝑖). 

 

From propositions 1 and 2, we conclude that Eq. (7), (9) and (11) are equivalent.  

It is important to note that in the case of the distribution of educational attainment, 

grouped data can be used to calculate the Gini coefficient. Suppose that there are four levels of 

education: (0) no formal education; (1) primary education; (2) secondary education; and (3) 

tertiary education. If we let 𝑒𝑒𝑖𝑖  and 𝑝𝑝𝑖𝑖  be the cumulative years of education for ith level of 

education and the proportion of individuals with ith level of education, respectively, then the 

Gini coefficient of education can be defined, based on Eq. (9), by  

𝐺𝐺 = 1
2𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗=0
3
𝑖𝑖=0 , 

where 𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖3
𝑖𝑖=0  and ∑ 𝑝𝑝𝑖𝑖3

𝑖𝑖=0 = 1.   

 

Appendix 2: Educational Expansion and Educational Inequality by the Variance or 
Standard Deviation 

Consider a country with four levels of education: (0) no formal education; (1) primary 

education; (2) secondary education; and (3) tertiary education. Using 𝑒𝑒𝑖𝑖 and 𝑝𝑝𝑖𝑖, the variance 

and standard deviation of educational attainment can be defined, respectively, by  
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𝑉𝑉 = ∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23
𝑖𝑖=0 ≥ 0,           

σ = √𝑉𝑉 = �∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23
𝑖𝑖=0 ≥ 0,        

where 𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖3
𝑖𝑖=0  and  ∑ 𝑝𝑝𝑖𝑖3

𝑖𝑖=0 = 1. 

Let 𝑉𝑉0 and 𝑉𝑉1 be the variance of education when all individuals are included (that is, 𝑉𝑉0 =

𝑉𝑉) and the variance of education when individuals without formal education are excluded, 

respectively. Then, we can obtain the following proposition. 

 

Proposition 3 

𝑉𝑉0 = 𝑝𝑝0(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)((𝜇𝜇∗ − 𝜇𝜇)2 + 𝑉𝑉1)  

     = 𝑝𝑝0
1−𝑝𝑝0

(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)𝑉𝑉1 for 0 ≤ 𝑝𝑝0 < 1,    (12)  

𝑉𝑉1 = ∑ 𝑝𝑝𝑖𝑖∗(𝑒𝑒𝑖𝑖 − 𝜇𝜇∗)23
𝑖𝑖=1 = 𝑝𝑝1∗

1−𝑝𝑝1∗
(𝑒𝑒1 − 𝜇𝜇∗)2 + (1 − 𝑝𝑝1∗)𝑉𝑉2  for 0 ≤ 𝑝𝑝1∗ < 1 , (13) 

where  

𝑝𝑝𝑖𝑖∗ = 𝑝𝑝𝑖𝑖
∑ 𝑝𝑝𝑗𝑗3
𝑗𝑗=1

= 𝑝𝑝𝑖𝑖
1−𝑝𝑝0

  for 0 ≤ 𝑝𝑝0 < 1 (i = 1, 2, and 3),  

𝜇𝜇∗ = ∑ 𝑝𝑝𝑖𝑖∗𝑒𝑒𝑖𝑖3
𝑖𝑖=1 , and  

1 = ∑ 𝑝𝑝𝑖𝑖∗3
𝑖𝑖=1 . 

𝑉𝑉2 is the variance when individuals without formal education and individuals with primary 

education are excluded. 

Proof 

First, we have 

𝑉𝑉0 = ∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23
𝑖𝑖=0 = 𝑝𝑝0(𝑒𝑒0 − 𝜇𝜇)2 + ∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23

𝑖𝑖=1   

= 𝑝𝑝0(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)∑ 𝑝𝑝𝑖𝑖∗(𝑒𝑒𝑖𝑖 − 𝜇𝜇)23
𝑖𝑖=1   

= 𝑝𝑝0(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)∑ 𝑝𝑝𝑖𝑖∗�(𝜇𝜇∗ − 𝜇𝜇) + (𝑒𝑒𝑖𝑖 − 𝜇𝜇∗)�
23

𝑖𝑖=1   

= 𝑝𝑝0(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)((𝜇𝜇∗ − 𝜇𝜇)2 + ∑ 𝑝𝑝𝑖𝑖∗(𝑒𝑒𝑖𝑖 − 𝜇𝜇∗)23
𝑖𝑖=1 ) , since we have ∑ 𝑝𝑝𝑖𝑖∗(𝜇𝜇∗ −3

𝑖𝑖=1

𝜇𝜇)2 = (𝜇𝜇∗ − 𝜇𝜇)2 and  ∑ 𝑝𝑝𝑖𝑖∗3
𝑖𝑖=1 (𝜇𝜇∗ − 𝜇𝜇)(𝑒𝑒𝑖𝑖 − 𝜇𝜇∗) = (𝜇𝜇∗ − 𝜇𝜇)∑ 𝑝𝑝𝑖𝑖∗3

𝑖𝑖=1 (𝑒𝑒𝑖𝑖 − 𝜇𝜇∗) = 0.  

Next, (𝜇𝜇∗ − 𝜇𝜇) can be modified to 

𝜇𝜇∗ − 𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖∗𝑒𝑒𝑖𝑖3
𝑖𝑖=1 − ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖3

𝑖𝑖=0 = −𝑝𝑝0𝑒𝑒0 + 𝑝𝑝0
1−𝑝𝑝0

(𝜇𝜇 − 𝑝𝑝0𝑒𝑒0) = 𝑝𝑝0
1−𝑝𝑝0

(𝜇𝜇 − 𝑒𝑒0). 

By substituting this into the equation above, we obtain 
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𝑉𝑉0 = 𝑝𝑝0(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)((𝜇𝜇∗ − 𝜇𝜇)2 + 𝑉𝑉1) = 𝑝𝑝0
1−𝑝𝑝0

(𝑒𝑒0 − 𝜇𝜇)2 + (1 − 𝑝𝑝0)𝑉𝑉1. 

Similarly, we can obtain 

𝑉𝑉1 = ∑ 𝑝𝑝𝑖𝑖∗(𝑒𝑒𝑖𝑖 − 𝜇𝜇∗)23
𝑖𝑖=1 = 𝑝𝑝1∗

1−𝑝𝑝1∗
(𝑒𝑒1 − 𝜇𝜇∗)2 + (1 − 𝑝𝑝1∗)𝑉𝑉2.   

 

When 𝑝𝑝0 = 1, we have 𝑝𝑝1 = 𝑝𝑝2 = 𝑝𝑝3 = 0 and 𝜇𝜇 = 𝑒𝑒0 ; thus, we have 𝑉𝑉0 = 0. On the 

other hand, when 𝑝𝑝0 = 0, we have  𝜇𝜇 = 𝜇𝜇∗  and 𝑉𝑉0 = 𝑉𝑉1 ≥ 0. Next, we have the following 

proposition.  

 

Proposition 4  

Under the assumption that 𝑝𝑝1∗, 𝑝𝑝2∗ and 𝑝𝑝3∗ remain constant regardless of the value of 𝑝𝑝0, that is, 

𝜇𝜇∗ and 𝑉𝑉1 are constant, 𝑉𝑉0 rises as 𝜇𝜇 increases, but after reaching a peak at 𝜇𝜇 = 1
2
�(𝜇𝜇∗ + 𝑒𝑒0) +

𝑉𝑉1
𝜇𝜇∗−𝑒𝑒0

�, 𝑉𝑉0 declines as 𝜇𝜇 increases (𝑒𝑒0 ≤ 𝜇𝜇 ≤ 𝜇𝜇∗). When 𝜇𝜇 = 𝑒𝑒0, 𝑉𝑉0 = 0, while when 𝜇𝜇 = 𝜇𝜇∗, 

𝑉𝑉0 = 𝑉𝑉1. That is, educational inequality, as measured by the variance, exhibits an inverted U-

shaped pattern with respect to educational expansion (that is, educational Kuznets curve).  

Proof.  

Because we have 𝑝𝑝0
1−𝑝𝑝0

= 𝜇𝜇∗−𝜇𝜇
𝜇𝜇−𝑒𝑒0

 and 1 − 𝑝𝑝0 = 𝜇𝜇−𝑒𝑒0
𝜇𝜇∗−𝑒𝑒0

, Eq. (12) can be rewritten as 𝑉𝑉0 =

(𝜇𝜇∗ − 𝜇𝜇)(𝜇𝜇 − 𝑒𝑒0) + � 𝜇𝜇−𝑒𝑒0
𝜇𝜇∗−𝑒𝑒0

� 𝑉𝑉1. Differentiating this equation with respect to 𝜇𝜇, we obtain ∂𝑉𝑉0
∂𝜇𝜇

=

�(𝜇𝜇∗ − 𝜇𝜇) − (𝜇𝜇 − 𝑒𝑒0)� + 𝑉𝑉1
𝜇𝜇∗−𝑒𝑒0

 under the assumption that 𝜇𝜇∗ and 𝑉𝑉1 remain constant regardless 

of the value of 𝑝𝑝0. When 𝜇𝜇 = 𝑒𝑒0,  ∂𝑉𝑉0
∂𝜇𝜇
�
𝜇𝜇=𝑒𝑒0

= (𝜇𝜇∗ − 𝑒𝑒0) + 𝑉𝑉1
𝜇𝜇∗−𝑒𝑒0

> 0. When = 𝜇𝜇∗ , ∂𝑉𝑉0
∂𝜇𝜇
�
𝜇𝜇=𝜇𝜇∗

=

−(𝜇𝜇∗ − 𝑒𝑒0) + 𝑉𝑉1
𝜇𝜇∗−𝑒𝑒0

= −(𝜇𝜇∗−𝑒𝑒0)2+𝑉𝑉1
𝜇𝜇∗−𝑒𝑒0

< 0, because we have −(𝜇𝜇∗ − 𝑒𝑒0)2 + 𝑉𝑉1 = ∑  𝑝𝑝𝑖𝑖∗((𝜇𝜇∗ −3
𝑖𝑖=1

𝑒𝑒𝑖𝑖)2 − (𝜇𝜇∗ − 𝑒𝑒0)2) < 0  for 0 ≤ 𝑒𝑒0 < 𝑒𝑒1 < 𝑒𝑒2 < 𝑒𝑒3 . Since ∂
2𝑉𝑉0
∂𝜇𝜇2

= −2 < 0 , 𝑉𝑉0  takes the 

maximum at 𝜇𝜇 = 1
2
�(𝜇𝜇∗ + 𝑒𝑒0) + 𝑉𝑉1

𝜇𝜇∗−𝑒𝑒0
�. 
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Since the standard deviation of educational attainment is a monotonic transformation of 

the variance, it follows the same pattern as the variance. 

 

Appendix 3: Educational Expansion and Educational Inequality by the Gini Coefficient 

Consider a country with four levels of education: (0) no formal education; (1) primary 

education; (2) secondary education; and (3) tertiary education. Using 𝑒𝑒𝑖𝑖  and 𝑝𝑝𝑖𝑖 , the Gini 

coefficient of education is defined by 

𝐺𝐺 = 1
2𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗=0
3
𝑖𝑖=0 = 1

𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗>𝑖𝑖
3
𝑖𝑖=0  (0 < 𝜇𝜇).  

where 𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖3
𝑖𝑖=0  and  ∑ 𝑝𝑝𝑖𝑖3

𝑖𝑖=0 = 1 . Since we have 0 ≤ 𝑒𝑒0 < 𝑒𝑒1 < 𝑒𝑒2 < 𝑒𝑒3 , the Gini 

coefficient can be rewritten as follows. 

𝐺𝐺 = 1
𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗>𝑖𝑖
3
𝑖𝑖=0 .       (14) 

Let 𝐺𝐺0 and 𝐺𝐺1 be the Gini coefficient of education when all individuals are included and 

the Gini coefficient of education when individuals without formal education are excluded, 

respectively (that is, 𝐺𝐺0 = 𝐺𝐺). Then, we can obtain the following proposition. 

 

Proposition 5 

𝐺𝐺0 = 𝑝𝑝0 �1 − 𝑒𝑒0
𝜇𝜇
�+ (1 − 𝑝𝑝0) �1 − 𝑝𝑝0𝑒𝑒0

𝜇𝜇
�𝐺𝐺1 (0 < 𝜇𝜇),   (15) 

𝐺𝐺1 = 1
𝜇𝜇∗
∑ ∑ 𝑝𝑝𝑖𝑖∗𝑝𝑝𝑗𝑗∗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�3

𝑗𝑗>𝑖𝑖
3
𝑖𝑖=1    

     = 𝑝𝑝1∗ �1 − 𝑒𝑒1
𝜇𝜇∗
� + (1 − 𝑝𝑝1∗) �1 − 𝑝𝑝1∗𝑒𝑒1

𝜇𝜇∗
� 𝐺𝐺2 (0 < 𝜇𝜇∗),   (16) 

where  

𝑝𝑝𝑖𝑖∗ = 𝑝𝑝𝑖𝑖
∑ 𝑝𝑝𝑗𝑗3
𝑗𝑗=1

= 𝑝𝑝𝑖𝑖
1−𝑝𝑝0

  for 0 ≤ 𝑝𝑝0 < 1 (i = 1, 2, and 3),  

𝜇𝜇∗ = ∑ 𝑝𝑝𝑖𝑖∗𝑒𝑒𝑖𝑖3
𝑖𝑖=1 , and  

1 = ∑ 𝑝𝑝𝑖𝑖∗3
𝑖𝑖=1 . 

𝐺𝐺2  is the Gini coefficient when individuals without formal education and individuals with 

primary education are excluded. 

Proof 

By definition, we have 
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𝜇𝜇𝜇𝜇0 = [𝑝𝑝0𝑝𝑝1(𝑒𝑒1 − 𝑒𝑒0) + 𝑝𝑝0𝑝𝑝2(𝑒𝑒2 − 𝑒𝑒0) + 𝑝𝑝0𝑝𝑝3(𝑒𝑒3 − 𝑒𝑒0)] + [𝑝𝑝1𝑝𝑝2(𝑒𝑒2 − 𝑒𝑒1) + 𝑝𝑝1𝑝𝑝3(𝑒𝑒3 −

𝑒𝑒1) + 𝑝𝑝2𝑝𝑝3(𝑒𝑒3 − 𝑒𝑒2)]  

= [𝑝𝑝0(𝜇𝜇 − 𝑝𝑝0𝑒𝑒0) − 𝑝𝑝0𝑒𝑒0(1 − 𝑝𝑝0)] + (1 − 𝑝𝑝0)2[𝑝𝑝1∗𝑝𝑝2∗(𝑒𝑒2 − 𝑒𝑒1) + 𝑝𝑝1∗𝑝𝑝3∗(𝑒𝑒3 − 𝑒𝑒1) +

𝑝𝑝2∗𝑝𝑝3∗(𝑒𝑒3 − 𝑒𝑒2)]  

= 𝑝𝑝0(𝜇𝜇 − 𝑒𝑒0) + (1 − 𝑝𝑝0)2𝜇𝜇∗𝐺𝐺1  

= 𝑝𝑝0(𝜇𝜇 − 𝑒𝑒0) + (1 − 𝑝𝑝0)(𝜇𝜇 − 𝑝𝑝0𝑒𝑒0)𝐺𝐺1, 

because we have (1 − 𝑝𝑝0)𝜇𝜇∗ = 𝜇𝜇 − 𝑝𝑝0𝑒𝑒0. Dividing both sides of this equation by 𝜇𝜇, we obtain 

𝐺𝐺0 = 𝑝𝑝0 �1 − 𝑒𝑒0
𝜇𝜇
�+ (1 − 𝑝𝑝0) �1 − 𝑝𝑝0𝑒𝑒0

𝜇𝜇
�𝐺𝐺1. 

Similarly, we can obtain 

𝐺𝐺1 = 𝑝𝑝1∗ �1 − 𝑒𝑒1
𝜇𝜇∗
� + (1 − 𝑝𝑝1∗) �1 − 𝑝𝑝1∗𝑒𝑒1

𝜇𝜇∗
�𝐺𝐺2  

 

When individuals without formal education are assigned 0 years of education (𝑒𝑒0 = 0), 

Eq. (15) is reduced to 

𝐺𝐺0 = 𝑝𝑝0 + (1 − 𝑝𝑝0)𝐺𝐺1.         (17) 

In other words, 𝐺𝐺0 is a weighted average of 1 and 𝐺𝐺1. If 𝐺𝐺1 = 0, that is, there is no educational 

inequality among the educated, then 𝐺𝐺0 = 𝑝𝑝0, meaning that the educational Gini coefficient 

coincides with the proportion of individuals without formal education.  

The following proposition presents the evolution of 𝐺𝐺0 with respect to 𝜇𝜇 when 𝑒𝑒0 = 0. 

 

Proposition 6  

Under the assumption that 𝑒𝑒0 = 0 and that 𝑝𝑝1∗ , 𝑝𝑝2∗  and 𝑝𝑝3∗  remain constant regardless of the 

value of 𝑝𝑝0 , that is, 𝜇𝜇∗  and 𝐺𝐺1  are constant, 𝐺𝐺0  declines monotonically as  𝜇𝜇  increases and 

reaches 𝐺𝐺1  when 𝜇𝜇 = 𝜇𝜇∗ . When 𝜇𝜇 = 0  (𝑝𝑝0 = 1), 𝐺𝐺0  is undefined; thus, we have 1 > 𝐺𝐺0 ≥

𝐺𝐺1 ≥ 0 for 0 < 𝜇𝜇 ≤ 𝜇𝜇∗. 

Proof 

Since 𝑒𝑒0 = 0 , we have 𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖3
𝑖𝑖=1 = (1 − 𝑝𝑝0)𝜇𝜇∗ , where 𝜇𝜇∗  is constant by assumption. 

Therefore, we have 𝑝𝑝0 = 1 − 𝜇𝜇
𝜇𝜇∗

. Substituting this into Eq. (17), we obtain 𝐺𝐺0 = �1 − 𝜇𝜇
𝜇𝜇∗
� +
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𝜇𝜇
𝜇𝜇∗
𝐺𝐺1. Differentiating this equation with respect to 𝜇𝜇, we obtain ∂𝐺𝐺0

∂𝜇𝜇
= 1

𝜇𝜇∗
(𝐺𝐺1 − 1) < 0  if 1 >

𝐺𝐺1 ≥ 0, meaning that 𝐺𝐺0 declines monotonically as 𝜇𝜇 increases and reaches 𝐺𝐺1 when 𝜇𝜇 = 𝜇𝜇∗. 

 

This proposition suggests that if the education Gini coefficient among the educated 

individuals remains constant regardless of the value of the proportion of individuals without 

formal education, then the education Gini coefficient for all individuals declines monotonically 

with the expansion of education.  

Now, suppose that individuals without formal education receive some informal education 

equivalent to 𝛼𝛼 years of formal education where 𝑒𝑒1 > 𝑒𝑒0 = 𝛼𝛼 > 0. Then, when 𝑝𝑝0 = 1, we 

have 𝜇𝜇 = 𝛼𝛼 and 𝐺𝐺0 = 0. On the other hand, when 𝑝𝑝0 = 0, we have 𝜇𝜇 = 𝜇𝜇∗ and 𝐺𝐺0 = 𝐺𝐺1 ≥ 0. 

The following proposition presents the evolution of 𝐺𝐺0 with respect to 𝜇𝜇 when 𝑒𝑒0 = 𝛼𝛼 > 0. 

 

Proposition 7  

Under the assumptions that 𝑝𝑝1∗, 𝑝𝑝2∗ and 𝑝𝑝3∗ remain constant regardless of the value of 𝑝𝑝0, that is, 

𝜇𝜇∗ and 𝐺𝐺1 are constant and that 𝜇𝜇∗ > 𝑒𝑒0 = 𝛼𝛼 > 0 and 𝐺𝐺1 < 𝜇𝜇∗−𝑒𝑒0
𝜇𝜇∗+𝑒𝑒0

, 𝐺𝐺0 rises as 𝜇𝜇 increases, but 

after reaching a peak, 𝐺𝐺0 declines as 𝜇𝜇 increases (0 < 𝑒𝑒0 ≤ 𝜇𝜇 ≤ 𝜇𝜇∗). When 𝜇𝜇 = 𝑒𝑒0 = 𝛼𝛼 > 0, 

𝐺𝐺0 = 0, while when 𝜇𝜇 = 𝜇𝜇∗, 𝐺𝐺0 = 𝐺𝐺1 ≥ 0. That is, educational inequality, as measured by the 

Gini coefficient, exhibits an inverted U-shaped pattern with respect to educational expansion 

(that is, educational Kuznets curve). 

Proof  

Because we have 𝜇𝜇 − 𝑒𝑒0 = (1 − 𝑝𝑝0)(𝜇𝜇∗ − 𝑒𝑒0)  and 𝜇𝜇 − 𝑝𝑝0𝑒𝑒0 = (1 − 𝑝𝑝0)𝜇𝜇∗ , Eq. (15) is 

rewritten as follows 

𝐺𝐺0 = 1
𝜇𝜇
�𝜇𝜇∗𝐺𝐺1 + �(𝜇𝜇∗ − 𝑒𝑒0) − 2𝜇𝜇∗𝐺𝐺1�𝑝𝑝0 + �𝜇𝜇∗𝐺𝐺1 − (𝜇𝜇∗ − 𝑒𝑒0)�𝑝𝑝02�,   

where 𝑝𝑝0 = 𝜇𝜇∗−𝜇𝜇
𝜇𝜇∗−𝑒𝑒0

. If we define 𝑓𝑓(𝜇𝜇) as follows 

𝑓𝑓(𝜇𝜇) = 𝜇𝜇∗𝐺𝐺1 + �(𝜇𝜇∗ − 𝑒𝑒0) − 2𝜇𝜇∗𝐺𝐺1�𝑝𝑝0 + �𝜇𝜇∗𝐺𝐺1 − (𝜇𝜇∗ − 𝑒𝑒0)�𝑝𝑝02 , 

then we have 𝐺𝐺0 = 1
𝜇𝜇
𝑓𝑓(𝜇𝜇). Differentiating this equation with respect to 𝜇𝜇, we obtain 

𝑑𝑑𝐺𝐺0
𝑑𝑑𝑑𝑑

= 1
𝜇𝜇2
�𝜇𝜇 𝑑𝑑𝑑𝑑(𝜇𝜇)

𝑑𝑑𝑑𝑑
− 𝑓𝑓(𝜇𝜇)�  
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where 𝜇𝜇 𝑑𝑑𝑑𝑑(𝜇𝜇)
𝑑𝑑𝑑𝑑

= � 𝜇𝜇
𝜇𝜇∗−𝑒𝑒0

� ��2𝜇𝜇∗𝐺𝐺1 − (𝜇𝜇∗ − 𝑒𝑒0)� + 2�(𝜇𝜇∗ − 𝑒𝑒0) − 𝜇𝜇∗𝐺𝐺1� �
𝜇𝜇∗−𝜇𝜇
𝜇𝜇∗−𝑒𝑒0

��.  

When 𝜇𝜇 = 𝑒𝑒0 = 𝛼𝛼 > 0 (that is, 𝑝𝑝0 = 1), we have ∂𝐺𝐺0
∂𝜇𝜇
�
𝜇𝜇=𝑒𝑒0

= 1
𝑒𝑒0

> 0 because 𝑒𝑒0 = 𝛼𝛼 > 0 . On 

the other hand, when 𝜇𝜇 = 𝜇𝜇∗  (that is, 𝑝𝑝0 = 0), we have ∂𝐺𝐺0
∂𝜇𝜇
�
𝜇𝜇=𝜇𝜇∗

= 𝐺𝐺1(𝜇𝜇∗+𝑒𝑒0)−(𝜇𝜇∗−𝑒𝑒0)
𝜇𝜇∗(𝜇𝜇∗−𝑒𝑒0) . Therefore, 

if  𝐺𝐺1 < 𝜇𝜇∗−𝑒𝑒0
𝜇𝜇∗+𝑒𝑒0

, then ∂𝐺𝐺0
∂𝜇𝜇
�
𝜇𝜇=𝜇𝜇∗

< 0. This implies that if 𝐺𝐺1 < 𝜇𝜇∗−𝑒𝑒0
𝜇𝜇∗+𝑒𝑒0

 holds true, then 𝐺𝐺0 rises as 𝜇𝜇 

increases, but after reaching a peak, 𝐺𝐺0 declines as 𝜇𝜇 increases (0 < 𝑒𝑒0 ≤ 𝜇𝜇 ≤ 𝜇𝜇∗). When 𝜇𝜇 =

𝑒𝑒0 = 𝛼𝛼 > 0, 𝐺𝐺0 = 0, while when 𝜇𝜇 = 𝜇𝜇∗, 𝐺𝐺0 = 𝐺𝐺1 ≥ 0. 

 

This proposition implies that even if educational inequality is measured by the Gini 

coefficient, educational inequality could exhibit an inverted U-shaped pattern with respect to 

educational expansion when individuals without formal education receive informal education 

equivalent to a small amount of formal education. Because the slope of the 𝐺𝐺0 function at 𝜇𝜇 =

𝑒𝑒0 = 𝛼𝛼 > 0 (that is, 𝑝𝑝0 = 1) is given by 1
𝑒𝑒0

, 𝐺𝐺0 experiences a sharp increase during the initial 

stages of educational expansion when individuals without formal education are assigned a small 

number of years of education.   

We should note that according to the Barro and Lee dataset for Asia, there is an inverted 

U-shaped relationship between 𝐺𝐺1 and 𝜇𝜇∗ (refer to Fig. 17), where 𝐺𝐺1 is estimated by assigning 

6, 12, and 16 years for primary, secondary and tertiary education levels, respectively. 

𝜇𝜇∗𝐺𝐺1 = 𝑝𝑝1∗𝑝𝑝2∗(12 − 6) + 𝑝𝑝1∗𝑝𝑝3∗(16 − 6) + 𝑝𝑝2∗𝑝𝑝3∗(16 − 12), 

where 𝜇𝜇∗ = 6𝑝𝑝1∗ + 12𝑝𝑝2∗ + 16𝑝𝑝3∗. 𝐺𝐺1 varies between 0.02 and 0.24 as 𝜇𝜇∗ increases from 6.3 to 

13.7. Suppose that individuals without formal education are assigned one year as their education 

(𝑒𝑒0 =1). Then,  𝜇𝜇
∗−𝑒𝑒0

𝜇𝜇∗+𝑒𝑒0
 increases from 0.73 to 0.86 as 𝜇𝜇∗ rises from 6.3 to 13.7. Therefore, 𝐺𝐺1 <

𝜇𝜇∗−𝑒𝑒0
𝜇𝜇∗+𝑒𝑒0

 is always satisfied in Asia.  
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Figure 17. Evolution of 𝐺𝐺1 with respect to 𝜇𝜇∗ 
 

 
 

(Note) Vertical axis: education Gini when individuals without formal education excluded (𝐺𝐺1) 
(Source) Barro and Lee dataset (Barro and Lee, 2013) 

 

 

The question arises how 𝐺𝐺1 changes as 𝑝𝑝0 increases from 0 to 1. Based on the Barro and 

Lee data set for Asia, Fig. 18 presents a scatter plot for the relationship between 𝐺𝐺1 and 𝑝𝑝0. 𝐺𝐺1 

varies between 0.02 and 0.24 as 𝑝𝑝0 increases from 0 to 1. Correlation coefficient between these 

two variables is 0.13. While 𝐺𝐺1 is positively correlated with 𝑝𝑝0 to some extent, its variation is 

not large as compared to the variation of 𝑝𝑝0, thereby supporting the validity of Propositions 6 

and 7. 
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Figure 18. Relationship between 𝐺𝐺1 and 𝑝𝑝0 
 

 
 

(Note) Vertical axis: education Gini when individuals without formal education excluded (𝐺𝐺1) 
(Source) Barro and Lee dataset (Barro and Lee, 2013) 

 

 

Appendix 4: Estimating the Variance and Gini Coefficient of Education using the Barro 
and Lee Dataset 

Consider a country with seven levels of education: (0) no formal education, (1) incomplete 

primary, (2) complete primary, (3) lower secondary, (4) upper secondary, (5) incomplete 

tertiary, and (6) complete tertiary education. Then, using 𝑒𝑒𝑖𝑖 and 𝑝𝑝𝑖𝑖, the variance is defined by 

𝑉𝑉 = ∑ 𝑝𝑝𝑖𝑖(𝑒𝑒𝑖𝑖 − 𝜇𝜇)26
𝑖𝑖=0 ,    

where 𝜇𝜇 = ∑ 𝑝𝑝𝑖𝑖𝑒𝑒𝑖𝑖6
𝑖𝑖=0  and ∑ 𝑝𝑝𝑖𝑖6

𝑖𝑖=0 = 1. By using the Barro and Lee data on the proportion of 

individuals with ith level of education (𝑝𝑝𝑖𝑖), the variance of education can be calculated for each 

country or economy as follows, where 0, 3, 6, 9, 12, 14, and 16 years are assigned for the seven 

education levels described above. 

𝑉𝑉 = 𝑝𝑝0(0 − 𝜇𝜇)2 + 𝑝𝑝1(3 − 𝜇𝜇)2 + 𝑝𝑝2(6 − 𝜇𝜇)2 + 𝑝𝑝3(9 − 𝜇𝜇)2 + 𝑝𝑝4(12 − 𝜇𝜇)2  

+𝑝𝑝5(14 − 𝜇𝜇)2 + 𝑝𝑝6(16 − 𝜇𝜇)2  

where 𝜇𝜇 = 0𝑝𝑝0 + 3𝑝𝑝1 + 6𝑝𝑝2 + 9𝑝𝑝3 + 12𝑝𝑝4 + 14𝑝𝑝5 + 16𝑝𝑝6. 

On the other hand, the Gini coefficient of education is defined, based on Eq. (9), by  

𝐺𝐺 = 1
2𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�6

𝑗𝑗=0
6
𝑖𝑖=0 , 
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Since we have 0 ≤ 𝑒𝑒0 < 𝑒𝑒1 < 𝑒𝑒2 < ⋯ < 𝑒𝑒6, the education Gini coefficient can be rewritten as 

follows. 

𝐺𝐺 = 1
𝜇𝜇
∑ ∑ 𝑝𝑝𝑖𝑖𝑝𝑝𝑗𝑗�𝑒𝑒𝑗𝑗 − 𝑒𝑒𝑖𝑖�6

𝑗𝑗>𝑖𝑖
6
𝑖𝑖=0 .  

By using the Barro and Lee data on 𝑝𝑝𝑖𝑖, the Gini coefficient of education can be calculated 

as follows, where 0, 3, 6, 9, 12, 14, and 16 years are assigned for the seven education levels 

described above. 

𝜇𝜇𝜇𝜇 = 𝑝𝑝0𝑝𝑝1(3) + 𝑝𝑝0𝑝𝑝2(6)+𝑝𝑝0𝑝𝑝3(9)+𝑝𝑝0𝑝𝑝4(12)+𝑝𝑝0𝑝𝑝5(14)+𝑝𝑝0𝑝𝑝6(16)  

+𝑝𝑝1𝑝𝑝2(6 − 3)+𝑝𝑝1𝑝𝑝3(9 − 3)+𝑝𝑝1𝑝𝑝4(12 − 3)+𝑝𝑝1𝑝𝑝5(14 − 3)+𝑝𝑝1𝑝𝑝6(16 − 3)  

+𝑝𝑝2𝑝𝑝3(9− 6)+𝑝𝑝2𝑝𝑝4(12 − 6)+𝑝𝑝2𝑝𝑝5(14 − 6)+𝑝𝑝2𝑝𝑝6(16 − 6)  

+𝑝𝑝3𝑝𝑝4(12 − 9)+𝑝𝑝3𝑝𝑝5(14 − 9)+𝑝𝑝3𝑝𝑝6(16 − 9)   

+𝑝𝑝4𝑝𝑝5(14 − 12)+𝑝𝑝4𝑝𝑝6(16 − 12)+𝑝𝑝5𝑝𝑝6(16 − 14), 
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