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Abstract 

 
This study develops a two-stage hierarchical inequality decomposition method as 
an analytical framework for the examination of the roles of rural/urban location and 
education in income inequality. It compares this method with a non-hierarchical 
inequality decomposition method. In the two-stage hierarchical inequality 
decomposition method, a hierarchical structure of a country is considered, where 
individuals are classified first into the rural and urban sectors and then into several 
education groups. Using the Theil indices, overall income inequality is decomposed 
hierarchically into the following three components: the between-sector, within-
sector between-group, and within-sector within-group inequality components. The 
between-sector component evaluates income disparity between the rural and urban 
sectors, while the within-sector between-group component evaluates income 
inequality among the education groups, but adjusted for rural-urban differences in 
the structure of educational attainment. The within-sector within-group component 
assesses inequality within the education groups. In the non-hierarchical inequality 
decomposition method, overall income inequality is decomposed simultaneously 
but non-hierarchically based on individual attributes. In the context of location and 
education, overall income inequality, as measured by the Theil indices, is 
decomposed non-hierarchically into the following four components: the between-
sector, between-group, location-education interaction, and within-sector within-
group inequality components. The location-education interaction component 
assesses the extent of rural-urban differences in the income disparity among the 
education groups. It can take a negative value. Based on nation-wide household 
surveys, this study also presents the results of hierarchical and non-hierarchical 
inequality decomposition analyses for Indonesia and the Philippines.  
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1. Introduction 

Based on household or labor force surveys, numerous empirical studies have been 

conducted to explore the factors of income inequality in both developing and developed 

countries. These studies often decomposed overall income inequality by population subgroups, 

employing the generalized entropy class of inequality measures such as the Theil indices and 

the squared coefficient of variation. 1  They examined age, gender, ethnicity, occupation, 

rural/urban location, region, and education as potential factors contributing to income 

inequality; but, many of them identified income disparities between rural and urban locations 

and among education groups as major factors of income inequality (see, for example, Ikemoto, 

1985; Glewwe, 1986; Ching, 1991; Mishra and Parikh, 1992; Tsakloglou, 1993; Estudillo, 

1997; Akita, et al., 1999; Akita and Szeto, 2000; Liu, 2001; Mukhopadhaya, 2003; Rao, et al., 

2003; Balisacan and Fuwa, 2004; Eastwood and Lipton, 2004; Shorrocks and Wan, 2005; 

Elbers, et al., 2008; Chongvilaivan and Kim, 2016).2  

Against this background, this study develops an analytical framework to examine the roles 

of rural/urban location and education in income inequality. Since significant differences exist 

between rural and urban areas in the structure of educational attainment, this framework replies 

on a two-stage hierarchical inequality decomposition method developed by Akita and Miyata 

(2008). In the two-stage hierarchical inequality decomposition method, we consider a 

hierarchical structure of a country, where individuals are classified first into the rural and urban 

sectors and then into several education groups. Using the Theil indices, overall income 

inequality is decomposed hierarchically into three components: the between-sector, within-

sector between-group, and within-sector within-group inequality components. The between-

sector component evaluates income disparity between the rural and urban sectors, while the 

within-sector between-group component evaluates income inequality among the education 

                                                           
1 They include Fishlow (1972), Fields (1979), Mookherjee and Shorrocks (1982), Cowell (1984), Ikemoto (1985), 
Glewwe (1986), Ching (1991), Mishra and Parikh (1992), Tsakloglou (1993), Cowell and Jenkins (1995), Estudillo 
(1997), Akita, et al. (1999), Akita and Szeto (2000), Dickey (2001), Liu (2001), Gray, et al. (2003), Mukhopadhaya 
(2003), Rao, et al. (2003), Balisacan and Fuwa (2004), Eastwood and Lipton (2004), Shorrocks and Wan (2005), 
Borooah, et al. (2006), Motonishi (2006), Elbers, et al. (2008), Chongvilaivan and Kim (2016). 
2 Some of these studies used household consumption expenditures instead of household incomes. According to the 
studies, the disparity between rural and urban locations accounted for 10-20% of overall income inequality, while 
the disparity among education groups explained 20-30% of overall income inequality. 
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groups, but adjusted for rural-urban differences in the structure of educational attainment. The 

within-sector within-group component assesses inequality within the education groups.  

This paper is organized as follows. The next section introduces a two-stage hierarchical 

inequality decomposition method as an analytical framework for the examination of the roles 

of rural/urban location and education. It also compares this method with a non-hierarchical 

inequality decomposition method. Using hypothetical examples, section 3 performs 

hierarchical and non-hierarchical inequality decomposition analyses to examine the roles of 

rural/urban location and education in income inequality. Based on nation-wide household 

surveys in 2018, section 4 presents the results of hierarchical and non-hierarchical inequality 

decomposition analyses for Indonesia and the Philippines. The final section provides 

concluding remarks. 

 

2. Hierarchical and Non-hierarchical Inequality Decomposition Methods 

This section presents a two-stage hierarchical inequality decomposition method as an 

analytical framework for the examination of the roles of rural/urban location and education. It 

also compares this method with a non-hierarchical inequality decomposition method proposed 

by Tang and Petrie (2009).  

 

2.1. Two-stage Hierarchical Decomposition of Income Inequality by Location and 
Education 

Consider a country consisting of the rural and urban sectors, each with two levels of 

education (low and high). Suppose that all individuals are first grouped into the urban and rural 

sectors, and then, individuals in each sector are classified into the low and high education 

groups (see Fig. 1). If we let 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑛𝑛𝑖𝑖𝑖𝑖 , 𝑛𝑛 , and 𝜇𝜇  be, respectively, income of individual k in 

education group j of sector i, total number of individuals in education group j of sector i, total 

number of all individuals, and mean income of all individuals (𝑖𝑖 = 1, 2; 𝑗𝑗 = 1,2), then overall 

income inequality can be measured by the Theil L index as follows.3 

                                                           
3 The Theil indices belong to the generalized entropy class of measures and satisfy three fundamental principles: 
income homogeneity (or mean independence), population homogeneity (or population independence) and the 
Pigou-Dalton principle of transfers (Anand, 1983; Fields, 2001; Akita and Kataoka, 2022). Income homogeneity 
implies that an inequality measure remains unchanged if everyone’s income is changed by the same proportion, 
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Figure 1. Hierarchical Structure 
Location (Rural & Urban Sectors) ⟹ Education (Low & High Education Groups) 

 
 

Overall income inequality given by equation (1) can be decomposed hierarchically into 

three components as follows (see Fig. 2). 

𝐿𝐿 = 𝐿𝐿𝐵𝐵𝐵𝐵 + 𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 + 𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊.        (2)  

Eq. (2) presents a two-stage hierarchical inequality decomposition method (see Appendix 1 for 

the derivation of Eq. (2)). 𝐿𝐿𝐵𝐵𝐵𝐵 = ∑ �𝑛𝑛𝑖𝑖∙
𝑛𝑛
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𝑖𝑖=1  is the between-sector inequality component 

(inequality between the rural and urban sectors), where 𝑛𝑛𝑖𝑖∙ = ∑ 𝑛𝑛𝑖𝑖𝑖𝑖2
𝑖𝑖=1   and 𝜇𝜇𝑖𝑖∙ =
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𝑛𝑛𝑖𝑖∙
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𝑛𝑛𝑖𝑖𝑖𝑖
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2
𝑖𝑖=1  are total number of individuals in sector i and mean income of individuals in 

sector i, respectively. 𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛𝑖𝑖∙
𝑛𝑛
� 𝐿𝐿𝐵𝐵𝑊𝑊𝑖𝑖2

𝑖𝑖=1   is the within-sector between-group inequality 

                                                           
while population homogeneity denotes that an inequality measure remains unchanged if the number of individuals 
at each income level is changed by the same proportion. The Pigou-Dalton transfer principle implies that any 
income transfer from a richer to a poorer individual that does not reverse their relative ranks in income lowers the 
value of an inequality index. The Theil indices are also decomposable additively by population sub-groups, that 
is, can be expressed as the sum of the between- and within-group components (Bourguignon, 1979; Shorrocks, 
1980; Anand, 1983). 
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𝑖𝑖=1  is inequality within education group j of sector i. 𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 is the population-

weighted average of 𝐿𝐿𝑖𝑖𝑖𝑖. 

 

Figure 2. Two-stage Hierarchical Decomposition of Income Inequality (Theil L) 
Location (Rural & Urban Sectors) ⟹ Education (Low & High Education Groups) 

 

 
Overall income inequality can also be measured by the Theil T index as follows. 

𝑇𝑇 =  1
𝑛𝑛
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Like the Theil L index, the Theil T index can be decomposed hierarchically into three 

components as follows (see Appendix 1 for the derivation of Eq. 4). 

𝑇𝑇 = 𝑇𝑇𝐵𝐵𝐵𝐵 + 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 + 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊.       (4) 
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𝑖𝑖=1  is the between-sector inequality component (inequality between the 

rural and urban sectors). 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛𝑖𝑖∙
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𝑖𝑖=1  is inequality between the low and 

high education groups in sector i. 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊  is the income-weighted average of 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 . 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 =
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W-sector W-group inequality (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 ) 
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𝑖𝑖=1  is inequality within education group j of sector i. 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 is the income-

weighted average of 𝑇𝑇𝑖𝑖𝑖𝑖. 

In the two-stage hierarchical decomposition of income inequality, the order of 

decomposition can be reversed, that is, all individuals are first grouped into the low and high 

education groups, and then, individuals in each group are classified into the rural and urban 

sectors (see Fig. 3). In this two-stage hierarchical decomposition, overall income inequality, as 

measured by the Theil L index, can be decomposed hierarchically into the following three 

components (see Fig. 4). 

𝐿𝐿 = 𝐿𝐿𝐵𝐵𝑊𝑊 + 𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 + 𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵.        (5)  

𝐿𝐿𝐵𝐵𝑊𝑊 , 𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵, and 𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵 are the between-group, within-group between-sector inequality, and 

within-group within-sector inequality components, respectively. When measured by the Theil 

T index, we have 

𝑇𝑇 = 𝑇𝑇𝐵𝐵𝑊𝑊 + 𝑇𝑇𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 + 𝑇𝑇𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵,        (6)  

where 𝑇𝑇𝐵𝐵𝑊𝑊 , 𝑇𝑇𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 , and 𝑇𝑇𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵  are the between-group, within-group between-sector, and 

within-group within-sector inequality components, respectively.  

 
 

Figure 3. Hierarchical Structure 
Education (Low & High Education Groups) ⟹ Location (Rural & Urban Sectors) 
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Figure 4. Two-stage Hierarchical Decomposition of Income Inequality (Theil L) 
Education (Low & High Education Groups) ⟹ Location (Rural & Urban Sectors) 

 
2.2. Non-hierarchical Decomposition of Income Inequality by Location and Education 

As an alternative multivariate decomposition method, Tang and Petrie (2009) suggested a 

non-hierarchical inequality decomposition method, where overall income inequality is 

decomposed simultaneously but non-hierarchically based on individual attributes such as age, 

gender, education, location, occupation and ethnicity. In the context of location and education, 

overall income inequality, as measured by the Theil L index, is decomposed non-hierarchically 

as follows (see Fig. 5). 

𝐿𝐿 = 𝐿𝐿𝐵𝐵𝐵𝐵 + 𝐿𝐿𝐵𝐵𝑊𝑊 + 𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊 + 𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊,      (7) 

where 𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊  is the location-education interaction component. Using (2) and (7), the interaction 

component is given by 

𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊 = 𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 − 𝐿𝐿𝐵𝐵𝑊𝑊 .         (8) 

Since Eq. (8) is modified to  

𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛𝑖𝑖∙
𝑛𝑛
� 𝐿𝐿𝐵𝐵𝑊𝑊𝑖𝑖2
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𝑛𝑛
� (𝐿𝐿𝐵𝐵𝑊𝑊𝑖𝑖 − 𝐿𝐿𝐵𝐵𝑊𝑊)2

𝑖𝑖=1 ,  

the location-education interaction component assesses the extent of rural-urban differences in 

the income disparity between the low and high education groups. It can take a negative value. 

When measured by the Theil T index, a non-hierarchical decomposition equation is given by 

𝑇𝑇 = 𝑇𝑇𝐵𝐵𝐵𝐵 + 𝑇𝑇𝐵𝐵𝑊𝑊 + 𝑇𝑇𝐼𝐼𝐵𝐵𝑊𝑊 + 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊,      (9) 

where 𝑇𝑇𝐼𝐼𝐵𝐵𝑊𝑊 is the location-education interaction component. Using (4) and (9), the interaction 

component is given by 

𝑇𝑇𝐼𝐼𝐵𝐵𝑊𝑊 = 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 − 𝑇𝑇𝐵𝐵𝑊𝑊 .        (10) 

 
 
 

 
 
 
 
 

 

Overall inequality (L) B-group inequality (𝐿𝐿𝐵𝐵𝑊𝑊 ) 

W-group inequality (𝐿𝐿𝑊𝑊𝑊𝑊 ) 

W-group B-sector inequality (𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 ) 

W-group W-sector inequality (𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵 ) 
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Figure 5. Non-hierarchical Decomposition of Income Inequality by Location and 

Education (Theil L) 
 

 
It is important to note that the within-sector within-group inequality component is 

equivalent to the within-group within-sector inequality component as follows.  

𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = 𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵 and 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = 𝑇𝑇𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵.     (11)  

Using this relationship and equating (2) and (5), we obtain 

𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 − 𝐿𝐿𝐵𝐵𝑊𝑊 = 𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 − 𝐿𝐿𝐵𝐵𝐵𝐵.       (12) 

Eq. (12) is the location-education (or education-location) interaction component given by Eq. 

(8). Similarly, equating (4) and (6), we have 

𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 − 𝑇𝑇𝐵𝐵𝑊𝑊 = 𝑇𝑇𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 − 𝑇𝑇𝐵𝐵𝐵𝐵.       (13) 

Eq. (13) is the location-education (or education-location) interaction component given by Eq. 

(10). 

 

3. Hierarchical and Non-hierarchical Inequality Decomposition Analyses: Hypothetical 
Examples  

Using hypothetical examples, this section performs hierarchical and non-hierarchical 

inequality decomposition analyses to examine the roles of rural/urban location and education 

in income inequality. 

3.1. Two-stage Hierarchical Inequality Decomposition Analysis  

To perform a two-stage hierarchical inequality decomposition analysis by location and 

education, let us consider a country comprising the rural and urban sectors, each with two levels 

 
 

 

 

 

 

 

 

 

Overall inequality (L) 

B-sector inequality (𝐿𝐿𝐵𝐵𝐵𝐵) 

B-group inequality (𝐿𝐿𝐵𝐵𝑊𝑊 ) 

W-group W-sector inequality (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 ) 

Location & education interaction (𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊 ) 
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of education (low and high). Suppose that there are 20 individuals, of which 12 reside in the 

rural sector and 8 in the urban sector. Among the 12 rural individuals, 8 belong to the low 

education group, while 4 are in the high education group. Among the 8 urban individuals, 4 

belong to the low education group, while 4 are in the low education group. Table 1 provides 

incomes for these 20 individuals. 

 

Table 1. Distribution of Incomes for 20 Individuals (Location ⟹ Education) 
 

Individual (ID) Location Education Income Population share Income share 
1 Rural Low 4 0.05 0.04 
2 Rural Low 2 0.05 0.02 
3 Rural Low 3 0.05 0.03 
4 Rural Low 4 0.05 0.04 
5 Rural Low 4 0.05 0.04 
6 Rural Low 4 0.05 0.04 
7 Rural Low 2 0.05 0.02 
8 Rural Low 5 0.05 0.05 
9 Rural High 3 0.05 0.03 

10 Rural High 7 0.05 0.07 
11 Rural High 5 0.05 0.05 
12 Rural High 4 0.05 0.04 
13 Urban Low 4 0.05 0.04 
14 Urban Low 7 0.05 0.07 
15 Urban Low 4 0.05 0.04 
16 Urban Low 3 0.05 0.03 
17 Urban High 8 0.05 0.08 
18 Urban High 5 0.05 0.05 
19 Urban High 16 0.05 0.16 
20 Urban High 6 0.05 0.06 

Total   100   
Mean   5   

 
 

Using incomes for all individuals, we obtain overall income inequality. By the Theil L 

index, overall income inequality is calculated as follows. 

𝐿𝐿 =  1
𝑛𝑛
∑ ∑ ∑ ln � 𝜇𝜇

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1
2
𝑖𝑖=1

2
𝑖𝑖=1 = 0.122. 

On the other hand, income inequality between the rural and urban sectors (𝐿𝐿𝐵𝐵𝐵𝐵) is calculated by 
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using the mean incomes for these sectors presented in Table 2.  

𝐿𝐿𝐵𝐵𝐵𝐵 = ∑ �𝑛𝑛𝑖𝑖∙
𝑛𝑛
� ln � 𝜇𝜇

𝜇𝜇𝑖𝑖∙
�2

𝑖𝑖=1 = �12
20
� ln � 5

3.92
� + � 8

20
� ln � 5

6.63
� = 0.034. 

Next, to obtain the within-sector between-group inequality component (𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊), we need to 

have the mean incomes for the low and high education groups in each of the rural and urban 

sectors. Using the mean incomes presented in Table 3, we obtain 

𝐿𝐿𝐵𝐵𝑊𝑊1 = ∑ �𝑛𝑛1𝑖𝑖
𝑛𝑛1∙
� ln �𝜇𝜇1∙

𝜇𝜇1𝑖𝑖
�2

𝑖𝑖=1 = � 8
12
� ln �3.92

3.5
�+ � 4

12
� ln �3.92

4.75
� = 0.011,  

𝐿𝐿𝐵𝐵𝑊𝑊2 = ∑ �𝑛𝑛2𝑖𝑖
𝑛𝑛2∙
� ln �𝜇𝜇2∙

𝜇𝜇2𝑖𝑖
�2

𝑖𝑖=1 = �4
8
� ln �6.63

4.5
�+ �4

8
� ln �6.63

8.75
� = 0.054. 

Therefore, the within-sector between-group inequality component is calculated as follows. 

𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛𝑖𝑖∙
𝑛𝑛
� 𝐿𝐿𝐵𝐵𝑊𝑊𝑖𝑖2

𝑖𝑖=1 = �12
20
� (0.011) + � 8

20
� (0.054) = 0.028. 

On the other hand, to obtain the within-sector within-group inequality component (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊), we 

need to calculate inequality within education group j of sector i: 𝐿𝐿𝑖𝑖𝑖𝑖 = ∑ � 1
𝑛𝑛𝑖𝑖𝑖𝑖
� ln � 𝜇𝜇𝑖𝑖𝑖𝑖

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1  . 

Using individual incomes in Table 1 and mean incomes in Table 3, we obtain 𝐿𝐿11 = 0.048, 

𝐿𝐿12 = 0.048, 𝐿𝐿21 = 0.050, and 𝐿𝐿22 = 0.106. Thus, we have 

𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = ∑ ∑ �𝑛𝑛𝑖𝑖𝑖𝑖
𝑛𝑛
� 𝐿𝐿𝑖𝑖𝑖𝑖2

𝑖𝑖=1
2
𝑖𝑖=1   

= � 8
20
� (0.048) + � 4

20
� (0.048) + � 4

20
� (0.050) + � 4

20
� (0.106) = 0.060. 

 
 
 

Table 2. Mean Incomes for the Rural and Urban Sectors (𝝁𝝁𝒊𝒊∙) 
 

Location (i) Mean income Population share Income share 
Rural (1) 3.92 0.60 0.47 
Urban (2) 6.63 0.40 0.53 
Total 5.00 1.00 1.00 
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Table 3. Mean Incomes for the Low and High Education Groups in Each of the Rural 

and Urban Sectors (𝝁𝝁𝒊𝒊𝒊𝒊) 
 

Location (i)  Education (j) Mean income Population share Income share 
 Low (1) 3.50 0.67 0.60 

Rural (1) High (2) 4.75 0.33 0.40 
 Rural total 3.92 1.00 1.00 
 Low (1) 4.50 0.50 0.34 
Urban (2) High (2) 8.75 0.50 0.66 

 Urban total 6.63 1.00 1.00 
 

 
In conclusion, we obtain the following two-stage hierarchical inequality decomposition 

equation by the Theil L index.  

𝐿𝐿 = 𝐿𝐿𝐵𝐵𝐵𝐵 + 𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 + 𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = 0.034 + 0.028 + 0.060 = 0.122. 

Table 4 combines the decomposition of income inequality by location (rural and urban sectors) 

with the decomposition of income inequality by education (low and high education groups) in 

each sector, while Table 5 summarizes the result of the two-stage hierarchical inequality 

decomposition analysis (location ⇒ education). Inequality between the rural and urban sectors 

contributes 27.8% to overall income inequality. Meanwhile, after adjusting for rural-urban 

differences in the structure of education, income inequality between the low and high education 

groups contributes 23.1%. The remaining 49.1% is attributed to the within-sector within-group 

inequality component. 
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Table 4. Decomposition of Income Inequality by Location (Rural & Urban Sectors) and 
Decomposition of Inequality by Education (Low & High Education Groups) in Each 

Sector 
 

 Inequality 
(Theil L) 

Contrib. 
(%) 

Pop. 
share 

(%) 
 Inequality 

(Theil L) 
Contrib. 

(%) 

Pop. 
share 

(%) 
Total (A) = (B) + (C) 0.122 100.0 100.0     
B-sector (B) 0.034 27.8      
W-sector (C) = (a) + (b) 0.088 72.2      

Rural sector (a) = (c) + (d) 0.059 28.9 60.0 Urban sector (b) = (e) + (f) 0.132 43.3 40.0 
B-group (c) 0.011 5.3  B-group (e) 0.054 17.8  
W-group (d) 0.048 23.6  W-group (f) 0.078 25.5  

Low educ. group (0.048) 15.7 40.0 Low educ. group (0.050) 8.2 20.0 
High educ. group (0.048) 7.9 20.0 High educ. group (0.106) 17.3 20.0 

 
(Note) ‘Contrib. (%)’ is the % contribution of each component to overall income inequality, 'Pop. share’ is the 

population share of each component to total population, ‘B-sector’ is the between-sector inequality 
component, ‘W-sector’ is the within-sector inequality component, ‘B-group’ is the between-group 
inequality component, and ‘W-group’ is the within-group inequality component.  

 
 

Table 5. Two-stage Hierarchical Decomposition of Income Inequality 
Location (Rural & Urban Sectors) ⟹ Education (Low & High Education Groups) 

 
 Inequality (Theil L) Contribution (%) 
Total (𝐿𝐿) 0.122 100.0 
B-sector (𝐿𝐿𝐵𝐵𝐵𝐵) 0.034 27.8 
W-sector B-group (𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) 0.028 23.1 
W-sector W-group (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) 0.060 49.1 

Low education group (0.029) 23.9 
High education group (0.031) 25.2 

 
(Note) ‘B-sector’ is the between-sector inequality component, ‘W-sector B-group’ is the within-sector between-

group inequality component, and ‘W-sector W-group’ is the within-sector within-group inequality 
component. 

 
Similarly, we can perform a two-stage hierarchical decomposition analysis by reversing 

the order of decomposition, that is, from education to location. There are 20 individuals, of 

which 12 belong to the low education group and 8 belong to the high education group (see 

Table 6). First, income inequality between the low and high education groups (𝐿𝐿𝐵𝐵𝑊𝑊 ) is 

calculated by using the mean incomes for these groups presented in Table 7.  

𝐿𝐿𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛∙𝑖𝑖
𝑛𝑛
� ln � 𝜇𝜇

𝜇𝜇∙𝑖𝑖
�2

𝑖𝑖=1 = �12
20
� ln � 5

3.83
� + � 8

20
� ln � 5

6.75
� = 0.039. 

Next, to obtain the within-group between-sector inequality component (𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵), we need mean 
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incomes for the rural and urban sectors in each of the low and high education groups. Using the 

mean incomes presented in Table 8, we obtain 

𝐿𝐿𝐵𝐵𝐵𝐵1 = ∑ �𝑛𝑛𝑖𝑖1
𝑛𝑛∙1
� ln �𝜇𝜇∙1

𝜇𝜇𝑖𝑖1
�2

𝑖𝑖=1 = � 8
12
� ln �3.83

3.5
� + � 4

12
� ln �3.83

4.5
� = 0.007,  

𝐿𝐿𝐵𝐵𝐵𝐵2 = ∑ �𝑛𝑛𝑖𝑖2
𝑛𝑛∙2
� ln �𝜇𝜇∙2

𝜇𝜇𝑖𝑖2
�2

𝑖𝑖=1 = �4
8
� ln �6.75

4.75
� + �4

8
� ln �6.75

8.75
� = 0.046. 

Therefore, the within-group between-sector inequality component is calculated as follows. 

𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 = ∑ �𝑛𝑛∙𝑖𝑖
𝑛𝑛
� 𝐿𝐿𝐵𝐵𝐵𝐵𝑖𝑖2

𝑖𝑖=1 = �12
20
� (0.007) + � 8

20
� (0.046) = 0.023. 

Since the within-group within-sector inequality component is the same as the within-sector 

within-group inequality component (see Eq. 11), we obtain 

𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵 = 𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = 0.060. 

 

Table 6. Distribution of Incomes for 20 Individuals (Education ⟹ Location) 
 

Individual (ID) Education Location Income Population share Income share 
1 Low Rural 4 0.05 0.04 
2 Low Rural 2 0.05 0.02 
3 Low Rural 3 0.05 0.03 
4 Low Rural 4 0.05 0.04 
5 Low Rural 4 0.05 0.04 
6 Low Rural 4 0.05 0.04 
7 Low Rural 2 0.05 0.02 
8 Low Rural 5 0.05 0.05 

13 Low Urban 4 0.05 0.04 
14 Low Urban 7 0.05 0.07 
15 Low Urban 4 0.05 0.04 
16 Low Urban 3 0.05 0.03 
9 High Rural 3 0.05 0.03 

10 High Rural 7 0.05 0.07 
11 High Rural 5 0.05 0.05 
12 High Rural 4 0.05 0.04 
17 High Urban 8 0.05 0.08 
18 High Urban 5 0.05 0.05 
19 High Urban 16 0.05 0.16 
20 High Urban 6 0.05 0.06 

Total   100   
Mean   5   
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Table 7. Mean Incomes for the Low and High Education Groups (𝝁𝝁∙𝒊𝒊) 
 

Education (j) Mean income Population share Income share 
Low 3.83 0.60 0.46 
High 6.75 0.40 0.54 
Total 5.00 1.00 1.00 

 
 

Table 8. Mean Incomes for the Rural and Urban Sectors in Each of the Low and High 
Education Groups (𝝁𝝁𝒊𝒊𝒊𝒊) 

 
Education (j) Location (i) Mean income Population share Income share 
Low (1) Rural (1) 3.50 0.67 0.61 

 Urban (2) 4.50 0.33 0.39 
 Low total 3.83 1.00 1.00 

High (2) Rural (1) 4.75 0.50 0.35 
 Urban (2) 8.75 0.50 0.65 
 High total 6.75 1.00 1.00 

 
 

In conclusion, we obtain the following two-stage hierarchical inequality decomposition 

equation by the Theil L index.   

𝐿𝐿 = 𝐿𝐿𝐵𝐵𝑊𝑊 + 𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵 + 𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵 = 0.039 + 0.023 + 0.060 = 0.122. 

Table 9 combines the decomposition of income inequality by education (low and high education 

groups) with the decomposition of income inequality by location (rural and urban sectors) in 

each education group, while Table 10 summarizes the result of the two-stage hierarchical 

inequality decomposition analysis (education ⇒ location). Inequality between the low and high 

education groups contributes 32.3% to overall income inequality. Meanwhile, after adjusting 

for differences between the low and high education groups in the structure of rural and urban 

locations, income inequality between the rural and urban sectors contributes 18.6%. The 

remaining 49.1% is attributed to the within-group within-sector inequality component. 
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Table 9. Decomposition of Income Inequality by Education (Low & High Education 

Groups) and Decomposition of Inequality by Location (Rural & Urban Sectors) in Each 
Group 

 
 Inequality 

(Theil L) 
Contrib. 

(%) 

Pop. 
share 

(%) 
 Inequality 

(Theil L) 
Contrib. 

(%) 

Pop. 
share 

(%) 
Total (A) = (B) + (C) 0.122 100.0 100.0     
B-group (B) 0.039 32.3      
W-group (C) = (a) + (b) 0.083 67.7      

Low (a) = (c) + (d) 0.056 27.4 60.0 High (b) = (e) + (f) 0.123 40.3 40.0 
B-sector (c) 0.007 3.5  B-sector (e) 0.046 15.1  
W-sector (d) 0.049 23.9  W-sector (f) 0.077 25.2  

Rural sector (0.048) 15.7 40.0 Rural sector (0.048) 7.9 20.0 
Urban sector (0.050) 8.2 20.0 Urban sector (0.106) 17.3 20.0 

 
(Note) ‘Contrib. (%)’ is the % contribution of each component to overall income inequality, 'Pop. share’ is the 

population share of each component to total population, ‘B-group’ is the between-group inequality 
component, ‘W-group’ is the within-group inequality component, ‘B-sector’ is the between-sector 
inequality component, and ‘W-sector’ is the within-sector inequality component.  

 

Table 10. Two-stage Hierarchical Decomposition of Income Inequality 
Education (Low & High Education Groups) ⟹ Location (Rural & Urban Sectors) 

 
 Inequality (Theil L) Contribution (%) 
Total (𝐿𝐿) 0.122 100.0 
B-group (𝐿𝐿𝐵𝐵𝑊𝑊) 0.039 32.3 
W-group B-sector (𝐿𝐿𝑊𝑊𝑊𝑊𝐵𝐵𝐵𝐵) 0.023 18.6 
W-group W-sector (𝐿𝐿𝑊𝑊𝑊𝑊𝑊𝑊𝐵𝐵) 0.060 49.1 

Rural sector (0.029) 23.6 
Urban sector (0.031) 25.5 

 
(Note) ‘B-group’ is the between-group inequality component, ‘W-group B-sector’ is the within-group between-

sector inequality component, and ‘W-group W-sector’ is the within-group within-sector inequality 
component. 

 

We can perform a similar two-stage hierarchical inequality decomposition analysis by 

location and education using the Theil T index. The result is presented in Appendix 2. 

 

3.2. Non-hierarchical Inequality Decomposition Analysis  

To conduct a non-hierarchical inequality decomposition analysis using individual 

incomes given in Table 1 (or Table 6), we need to calculate the location-education interaction 
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component (𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊) defined by Eq. (8). Using the values for 𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 and 𝐿𝐿𝐵𝐵𝑊𝑊  presented in Tables 

5 and 10, respectively, we obtain 

 𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊 = 𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 − 𝐿𝐿𝐵𝐵𝑊𝑊 = 0.028 − 0.039 = −0.011. 

The following presents the result of the non-hierarchical decomposition analysis by location 

and education. 

𝐿𝐿 = 𝐿𝐿𝐵𝐵𝐵𝐵 + 𝐿𝐿𝐵𝐵𝑊𝑊 + 𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊 + 𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = 0.034 + 0.039 − 0.011 + 0.060 = 0.122.  

Table 11 compares the result of the non-hierarchical inequality decomposition analysis with 

that of the two-stage hierarchical inequality decomposition analysis (location ⇒ education) 

presented in Table 5. The contribution of the location-education interaction component to 

overall income inequality is negative at -9.2%, indicating that there is a rural-urban difference 

in the income disparity between the low and high education groups. 

 

Table 11. Hierarchical and Non-hierarchical Inequality Decomposition Analyses  
 

 Hierarchical decomposition Non-hierarchical decomposition 

 
Inequality  
(Theil L) 

Contribution 
(%) 

Inequality  
(Theil L) 

Contribution 
(%) 

Total (L) 0.122 100.0 0.122 100.0 
B-sector (𝐿𝐿𝐵𝐵𝐵𝐵) 0.034 27.8 0.034 27.8 
B-group (𝐿𝐿𝐵𝐵𝑊𝑊)   0.039 32.3 
W-sector B-group (𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) 0.028 23.1   
Interaction component (𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊)   -0.011 -9.2 
W-sector W-group (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) 0.060 49.1 0.060 49.1 

Low education group (0.029) 23.9 (0.029) 23.9 
High education group (0.031) 25.2 (0.031) 25.2 

 
 

We can perform a non-hierarchical inequality decomposition analysis by location and 

education using the Theil T index. The result is presented in Appendix 2. 

 

4. Hierarchical and Non-hierarchical Inequality Decomposition Analyses: Empirical 
Evidence from Indonesia and the Philippines 

Based on nation-wide household surveys in 2018, this section presents the results of 

hierarchical and non-hierarchical inequality decomposition analyses for Indonesia and the 

Philippines. Tables 12 and 13 combine the decomposition of expenditure inequality by location 

with the decomposition of expenditure inequality by education in each sector in Indonesia and 
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the Philippines, respectively. On the other hand, Tables 14 and 15 compare the result of the two-

stage hierarchical inequality decomposition analysis (location ⇒ education) with that of the 

non-hierarchical inequality decomposition analysis in Indonesia and the Philippines,  

In 2018, Indonesia and the Philippines have almost the same level of overall expenditure 

inequality at 0.26 by the Theil L index. But, its determinants are different between these two 

countries. While the rural-urban disparity (𝐿𝐿𝐵𝐵𝐵𝐵) constitutes around 11% of overall expenditure 

inequality in both countries, the contribution of the disparity between the four education groups 

is much smaller in Indonesia than in the Philippines. According to the non-hierarchical 

inequality decomposition analysis (Tables 14 and 15), the contribution of the location-

education interaction component to overall expenditure inequality is negative in both countries, 

indicating that there is a rural-urban difference in the expenditure disparity between the four 

education groups. After adjusting for this rural-urban difference, the expenditure disparity 

between the four education groups (𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) contributes 13.0% in Indonesia while 20.6% in the 

Philippines. As a consequence, Indonesia’s within-sector within-group inequality component 

(𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) has a larger contribution to overall inequality than the Philippines’ (76.0% vs. 68.2%).  

 
Table 12. Decomposition of Income Inequality by Location and Decomposition of 

Inequality by Education in Each Sector in Indonesia 
 

 
Inequality 
(Theil L) 

Contrib. 
(%) 

Pop. 
share  

(%)  
Inequality 
(Theil L) 

Contrib. 
(%) 

Pop. 
share  

(%) 
Total (A) = (B) +(C) 0.262 100.0 100.0     
B-sector (B) 0.029 11.0      
W-sector (C) = (a) + (b) 0.233 89.0      
Rural sector (a) = (c) + (d) 0.180 31.1 45.3 Urban sector (b) = (e)  + (f) 0.277 57.8 54.7 
B-group (c) 0.016 2.7  B-group (e) 0.049 10.3  
W-group (d) 0.165 28.5  W-group (f) 0.227 47.5  
No or incomplete primary 0.163 8.6 13.9 No 0.247 8.4 8.9 
Primary 0.154 9.6 16.4 Primary 0.205 9.6 12.2 
Secondary 0.173 8.9 13.5 Secondary 0.229 23.9 27.3 
Tertiary 0.218 1.3 1.6 Tertiary 0.235 5.6 6.2 

 
(Source) National Socioeconomic Survey in 2018. 
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Table 13. Decomposition of Income Inequality by Location and Decomposition of 
Inequality by Education in Each Sector: the Philippines 

 

 
Inequality 
(Theil L) 

Contrib. 
(%) 

Pop. 
share  

(%)  
Ineq1uality 

(Theil L) 
Contrib. 

(%) 

Pop. 
share 

(%) 
Total (A) = (B) +(C) 0.265 100.0 100.0     
B-sector (B) 0.030 11.2      
W-sector (C) = (a) + (b) 0.235 88.8      
Rural sector (a) = (c) + (d) 0.223 40.3 47.8 Urban sector (b) = (e)  + (f) 0.246 48.5 52.2 
B-group (c) 0.051 9.1  B-group (e) 0.058 11.5  
W-group (d) 0.173 31.2  W-group (f) 0.188 37.0  
No or incomplete primary 0.150 7.1 12.6 No 0.186 4.6 6.5 
Primary 0.155 6.0 10.3 Primary 0.172 4.4 6.8 
Secondary 0.167 10.8 17.1 Secondary 0.161 13.8 22.6 
Tertiary 0.247 7.3 7.8 Tertiary 0.232 14.2 16.3 

 
(Source) Family Income and Expenditure Survey in 2018. 
 

 
Table 14. Hierarchical and Non-hierarchical Inequality Decomposition Analyses: 

Indonesia 
 

 
Hierarchical 

decomposition 
Non-hierarchical 
decomposition 

 
Inequality 
(Theil L) 

Contrib. 
(%) 

Inequality 
(Theil L) 

Contrib. 
(%) 

Total (L) 0.262 100.0 0.262 100.0 
B-sector (𝐿𝐿𝐵𝐵𝐵𝐵) 0.029 11.0 0.029 11.0 
B-group (𝐿𝐿𝐵𝐵𝑊𝑊)   0.051 19.4 
W-sector B-group (𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) 0.034 13.0   
Interaction component (𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊)   -0.017 -6.4 
W-sector W-group (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) 0.199 76.0 0.199 76.0 

 
(Source) National Socioeconomic Survey in 2018. 
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Table 15. Hierarchical and Non-hierarchical Inequality Decomposition Analyses: the 
Philippines 

 

 
Hierarchical 

decomposition 
Non-hierarchical 
decomposition 

 
Inequality 
(Theil L) 

Contrib. 
(%) 

Inequality  
(Theil L) 

Contrib. 
(%) 

Total (L) 0.265 100.0 0.265 100.0 
B-sector (𝐿𝐿𝐵𝐵𝐵𝐵) 0.030 11.2 0.030 11.2 
B-group (𝐿𝐿𝐵𝐵𝑊𝑊)   0.071 26.9 
W-sector B-group (𝐿𝐿𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) 0.055 20.6   
Interaction component (𝐿𝐿𝐼𝐼𝐵𝐵𝑊𝑊)   -0.017 -6.3 
W-sector W-group (𝐿𝐿𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) 0.181 68.2 0.181 68.2 

 
(Source) Family Income and Expenditure Survey in 2018. 
 
 
5. Concluding Remarks 

This study developed a two-stage hierarchical inequality decomposition method as an 

analytical framework for the examination of the roles of rural/urban location and education in 

income inequality. It compared this method with a non-hierarchical inequality decomposition 

method.  

In the two-stage hierarchical inequality decomposition method, a hierarchical structure of 

a country is considered, where individuals are classified first into the rural and urban sectors 

and then into several education groups. Using the Theil indices, overall income inequality is 

decomposed hierarchically into the following three components: the between-sector, within-

sector between-group, and within-sector within-group inequality components. The between-

sector component evaluates income disparity between the rural and urban sectors, while the 

within-sector between-group component evaluates income inequality among the education 

groups, but adjusted for rural-urban differences in the structure of educational attainment. The 

within-sector within-group component assesses inequality within the education groups.  

On the other hand, in the non-hierarchical inequality decomposition method, overall 

income inequality is decomposed simultaneously but non-hierarchically based on individual 

attributes. In the context of location and education, overall income inequality, as measured by 

the Theil indices, is decomposed non-hierarchically into the four components: the between-

sector, between-group, location-education interaction, and within-sector within-group 
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inequality components. The location-education interaction component assesses the extent of 

rural-urban differences in the income disparity among the education groups. It can take a 

negative value. 

Based on nation-wide household surveys in 2018, this study also presented the results of 

hierarchical and non-hierarchical inequality decomposition analyses for Indonesia and the 

Philippines. Indonesia and the Philippines have almost the same level of overall expenditure 

inequality at 0.26 by the Theil L index. But, its determinants are different between these two 

countries. While the rural-urban disparity constitutes 11% of overall expenditure inequality in 

both countries, the contribution of the disparity between the four education groups is much 

smaller in Indonesia than in the Philippines. According to the non-hierarchical inequality 

decomposition analysis, the contribution of the location-education interaction component is 

negative in both countries, indicating that there is a rural-urban difference in the expenditure 

disparity between the four education groups. After adjusting for this rural-urban difference, the 

expenditure disparity between the four education groups contributes 13% in Indonesia while 

21% in the Philippines. As a consequence, Indonesia’s within-sector within-group inequality 

component has a larger contribution to overall inequality than the Philippines’ (76% vs. 68%). 

 

 

Appendix 1: Two-stage Hierarchical Inequality Decomposition Method 

Consider a country consisting of the rural and urban sectors, each with m levels of 

education. 

1. Theil L Index 

When measured by the Theil L index, overall income inequality is given by 

𝐿𝐿 =  1
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since 1
𝑛𝑛𝑖𝑖∙
∑ ∑ ln � 𝜇𝜇

𝜇𝜇𝑖𝑖∙
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1
𝑚𝑚
𝑖𝑖=1 = ln � 𝜇𝜇

𝜇𝜇𝑖𝑖∙
�. 

Let 𝐿𝐿𝐵𝐵𝐵𝐵 = ∑ �𝑛𝑛𝑖𝑖∙
𝑛𝑛
� ln � 𝜇𝜇

𝜇𝜇𝑖𝑖∙
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𝑖𝑖=1   and 𝐿𝐿𝑊𝑊𝐵𝐵𝑖𝑖 = 1
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𝑇𝑇𝑊𝑊𝐵𝐵𝑖𝑖 = ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙

� ∑ � 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖

� �ln �𝜇𝜇𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖∙
� + ln �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇𝑖𝑖𝑖𝑖
��𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1
𝑚𝑚
𝑖𝑖=1   

= ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙

� ln �𝜇𝜇𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖∙
�𝑚𝑚

𝑖𝑖=1 + ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙

� � 1
𝑛𝑛𝑖𝑖𝑖𝑖
∑ �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇𝑖𝑖𝑖𝑖
� ln �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇𝑖𝑖𝑖𝑖
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1 �𝑚𝑚
𝑖𝑖=1   

since ∑ � 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖

� ln �𝜇𝜇𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖∙
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1 = ln �𝜇𝜇𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖∙
�. 

Let 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 = ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙

� ln �𝜇𝜇𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖∙
�𝑚𝑚

𝑖𝑖=1   and 𝑇𝑇𝑖𝑖𝑖𝑖 = 1
𝑛𝑛𝑖𝑖𝑖𝑖
∑ �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇𝑖𝑖𝑖𝑖
� ln �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇𝑖𝑖𝑖𝑖
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1   be, respectively, inequality 

between m education groups in sector i and inequality within education group j of sector i. Then, 

we obtain 

𝑇𝑇𝑊𝑊𝐵𝐵𝑖𝑖 = 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 + ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙

�𝑚𝑚
𝑖𝑖=1 𝑇𝑇𝑖𝑖𝑖𝑖. 

Substituting this into T, we finally obtain 

𝑇𝑇 = 𝑇𝑇𝐵𝐵𝐵𝐵 + ∑ �𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙
𝑛𝑛𝜇𝜇

�2
𝑖𝑖=1 �𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 + ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖

𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙
�𝑚𝑚

𝑖𝑖=1 𝑇𝑇𝑖𝑖𝑖𝑖�  

= 𝐿𝐿𝐵𝐵𝐵𝐵 + ∑ �𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙
𝑛𝑛𝜇𝜇

�2
𝑖𝑖=1 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 + ∑ ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖

𝑛𝑛𝜇𝜇
�𝑚𝑚

𝑖𝑖=1 𝑇𝑇𝑖𝑖𝑖𝑖2
𝑖𝑖=1   

= 𝑇𝑇𝐵𝐵𝐵𝐵 + 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 + 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊. 

We should note that if we let 𝑌𝑌, 𝑌𝑌𝑖𝑖∙, and 𝑌𝑌𝑖𝑖𝑖𝑖 be total income, total income of sector i, total 

income of education group j in sector i, then we have the following relationships. 

𝑌𝑌 = 𝑛𝑛𝜇𝜇, 𝑌𝑌𝑖𝑖∙ = 𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙, and 𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖. 
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Therefore, 𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙
𝑛𝑛𝜇𝜇

= 𝑌𝑌𝑖𝑖∙
𝑌𝑌

 is income share of sector i, while 𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝜇𝜇

= 𝑌𝑌𝑖𝑖𝑖𝑖
𝑌𝑌

 is income share of education 

group j in sector i. 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 = ∑ �𝑌𝑌𝑖𝑖∙
𝑌𝑌
�2

𝑖𝑖=1 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖  is the income-weighted average of 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 , while 

𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = ∑ ∑ �𝑌𝑌𝑖𝑖𝑖𝑖
𝑌𝑌
�𝑚𝑚

𝑖𝑖=1 𝑇𝑇𝑖𝑖𝑖𝑖2
𝑖𝑖=1  is the income-weighted average of 𝑇𝑇𝑖𝑖𝑖𝑖. 

 

Appendix 2: Hierarchical and Non-hierarchical Decomposition Analyses by Location and 
Education using the Theil T Index 

By the Theil T index, overall income inequality is calculated as follows. 

𝑇𝑇 =  1
𝑛𝑛
∑ ∑ ∑ �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇
� ln �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1
2
𝑖𝑖=1

2
𝑖𝑖=1 = 0.137. 

On the other hand, income inequality between the rural and urban sectors is calculated as 
follows. 

𝑇𝑇𝐵𝐵𝐵𝐵 = ��
𝑛𝑛𝑖𝑖∙
𝑛𝑛
𝜇𝜇𝑖𝑖∙
𝜇𝜇
� ln �

𝜇𝜇𝑖𝑖∙
𝜇𝜇
�

2

𝑖𝑖=1

= �
47

100
� ln �

3.92
5
� + �

53
100

� ln �
6.63

5
� = 0.034 

Next, to obtain the within-sector between-group inequality component (𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊), we need to 

have the mean incomes for the low and high education groups in each of the rural and urban 

sectors. Using the mean incomes presented in Table 3, we obtain 

𝑇𝑇𝐵𝐵𝑊𝑊1 = ∑ �𝑛𝑛1𝑖𝑖
𝑛𝑛1∙

𝜇𝜇1𝑖𝑖
𝜇𝜇1∙
� ln �𝜇𝜇1𝑖𝑖

𝜇𝜇1∙
�2

𝑖𝑖=1 = �28
47
� ln � 3.5

3.92
� + �19

47
� ln �4.75

3.92
� = 0.011  

𝑇𝑇𝐵𝐵𝑊𝑊2 = ∑ �𝑛𝑛2𝑖𝑖
𝑛𝑛2∙

𝜇𝜇2𝑖𝑖
𝜇𝜇2∙
� ln �𝜇𝜇2𝑖𝑖

𝜇𝜇2∙
�2

𝑖𝑖=1 = �18
53
� ln � 4.5

6.63
� + �35

53
� ln �8.75

6.63
� = 0.052. 

Therefore, the within-sector between-group inequality component is calculated as follows. 

𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛𝑖𝑖∙𝜇𝜇𝑖𝑖∙
𝑛𝑛𝜇𝜇

�2
𝑖𝑖=1 𝑇𝑇𝐵𝐵𝑊𝑊𝑖𝑖 = � 47

100
� (0.011) + � 53

100
� (0.052) = 0.033. 

On the other hand, to obtain the within-sector within-group inequality component (𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊), we 

need to calculate inequality within education group j of sector i: 𝑇𝑇𝑖𝑖𝑖𝑖 = ∑ � 1
𝑛𝑛𝑖𝑖𝑖𝑖

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
𝜇𝜇𝑖𝑖𝑖𝑖
� ln �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝜇𝜇𝑖𝑖𝑖𝑖
�𝑛𝑛𝑖𝑖𝑖𝑖

𝑖𝑖=1 . 

Using individual incomes in Table 1 and mean incomes in Table 3, we obtain 𝑇𝑇11 = 0.044, 

𝑇𝑇12 = 0.048, 𝑇𝑇21 = 0.052, and 𝑇𝑇22 = 0.111. Thus, we have 

𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = ∑ ∑ �𝑛𝑛𝑖𝑖𝑖𝑖𝜇𝜇𝑖𝑖𝑖𝑖
𝑛𝑛𝜇𝜇

� 𝑇𝑇𝑖𝑖𝑖𝑖2
𝑖𝑖=1

2
𝑖𝑖=1   

= � 28
100
� (0.044) + � 19

100
� (0.048) + � 18

100
� (0.052) + � 35

100
� (0.111) = 0.070. 
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In sum, we obtain the following two-stage hierarchical inequality decomposition 

equation by the Theil T index.  

𝑇𝑇 = 𝑇𝑇𝐵𝐵𝐵𝐵 + 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 + 𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊 = 0.034 + 0.033 + 0.070 = 0.137. 

Table 16 presents the decomposition of income inequality by location (rural and urban sectors) 

and the decomposition of income inequality by education (low and high education groups) in 

each of the rural and urban sectors, while Table 17 summarizes the result of the two-stage 

hierarchical inequality decomposition analysis (location ⇒ education). Inequality between the 

rural and urban sectors contributes 25.2% to overall income inequality. Meanwhile, after 

adjusting for rural-urban differences in the structure of education, income inequality between 

the low and high education groups contributes 24.1%. The remaining 50.7% is attributed to the 

within-sector within-group inequality component. 

 
 

Table 16. Decomposition of Income Inequality by Location (Rural & Urban Sectors) and 
Decomposition of Inequality by Education (Low & High Education Groups) in Each 

Sector: Theil T Index 
 

 
Inequality 
(Theil T) 

Contrib. 
(%) 

Income 
share 

(%)  
Inequality 
(Theil T) 

Contrib. 
(%) 

Income 
share 

(%) 
Total (A) = (B) + (C) 0.137 100.0      
B-sector (B) 0.034 25.2      
W-sector (C) = (a) + (b) 0.102 74.8      
Rural sector (a) = (c) + (d) 0.056 19.3 47.0 Urban sector (b) = (e) + (f) 0.143 55.5 53.0 

B-group (c) 0.011 3.8  B-group (e) 0.052 20.3  
W-group (d) 0.045 15.5  W-group (f) 0.091 35.2  

Low educ. group (0.044) 8.9 28.0 Low educ. Group (0.052) 6.8 18.0 
High educ. Group (0.048) 6.6 19.0 High educ. Group (0.111) 28.4 35.0 

 
(Note) ‘Contrib. (%)’ is the % contribution of each component to overall income inequality, 'Income share’ is the 

income share of each component to total income, ‘B-sector’ is the between-sector inequality component, 
‘W-sector’ is the within-sector inequality component, ‘B-group’ is the between-group inequality 
component, and ‘W-group’ is the within-group inequality component.  
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Table 17. Two-stage Hierarchical Decomposition of Income Inequality by Theil T Index 
Location (Rural & Urban Sectors) ⟹ Education (Low & High Education Groups) 

 

 Inequality (Theil T) Contribution (%) 
Total (T) 0.137 100.0 
B-sector (𝑇𝑇𝐵𝐵𝐵𝐵) 0.034 25.2 
W-sector B-group (𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) 0.033 24.1 
W-sector W-group (𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) 0.070 50.7 

Low education group (0.022) 15.7 
High education group (0.048) 35.0 

 
(Note) ‘B-sector’ is the between-sector inequality component, ‘W-sector B-group’ is the within-sector between-

group inequality component, and ‘W-sector W-group’ is the within-sector within-group inequality 
component. 

 

To perform a non-hierarchical inequality decomposition analysis by location and education, 

we need to calculate income inequality between the low and high education groups (𝑇𝑇𝐵𝐵𝑊𝑊). Since 

we have 

𝑇𝑇𝐵𝐵𝑊𝑊 = ∑ �𝑛𝑛∙𝑖𝑖𝜇𝜇∙𝑖𝑖
𝑛𝑛𝜇𝜇

� ln �𝜇𝜇∙𝑖𝑖
𝜇𝜇
�2

𝑖𝑖=1 = � 46
100
� ln �3.83

5
�+ � 54

100
� ln �6.75

5
� = 0.040, 

The location and education interaction component is  

𝑇𝑇𝐼𝐼𝐵𝐵𝑊𝑊 = 𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊 − 𝑇𝑇𝐵𝐵𝑊𝑊 = 0.033 − 0.040 = −0.007. 

Table 18 compares the result of the non-hierarchical inequality decomposition analysis with 

that of the two-stage hierarchical inequality decomposition analysis (location ⇒ education) 

presented in Table 17. 

  

Table 18. Hierarchical and Non-hierarchical Inequality Decomposition Analyses by 
Location and Education: Theil T Index 

 
 Hierarchical decomposition Non-hierarchical decomposition 
 Inequality  

(Theil T) 
Contribution 

(%) 
Inequality  
(Theil T) 

Contribution 
(%) 

Total (T) 0.137 100.0 0.137 100.0 
B-sector (𝐿𝐿𝐵𝐵𝐵𝐵) 0.034 25.2 0.034 25.2 
B-group (𝐿𝐿𝐵𝐵𝑊𝑊)   0.040 29.2 
W-sector B-group (𝑇𝑇𝑊𝑊𝐵𝐵𝐵𝐵𝑊𝑊) 0.033 24.1   
Interaction component (𝑇𝑇𝐼𝐼𝐵𝐵𝑊𝑊)   -0.007 -5.1 
W-sector W-group (𝑇𝑇𝑊𝑊𝐵𝐵𝑊𝑊𝑊𝑊) 0.070 50.7 0.070 50.7 

Low education group (0.022) 15.7 (0.022) 15.7 
High education group (0.048) 35.0 (0.048) 35.0 
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