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Abstract

This paper analyzes coalition formation under constant, decreasing, and increas-
ing marginal productivity when the total surplus jointly produced by individuals with
heterogeneous abilities can only be distributed to its members in egalitarian or meri-
tocratic ways. When marginal productivity is decreasing or constant, the results are
simple, as no coalition with multiple members is included in a stable coalition struc-
ture when marginal productivity is decreasing, whereas individuals are indifferent to
which meritocratic coalition they belong, including singletons, in the case of constant
marginal productivity. In contrast, if marginal productivity is increasing, stable struc-
tures differ considerably from those obtained by other models. A procedure to identify
stable structures is proposed, finding that multiple egalitarian coalitions can exist, each
of which is always consecutive, but there is, at most, only one meritocratic coalition,
which may or may not be consecutive, in stable structures. Moreover, the grand egali-
tarian coalition is only stable under certain conditions, whereas the grand meritocratic

coalition is always stable.
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1 Introduction

Many human activities are performed by groups of people, ranging from firms to political
parties to friend groups. To attain higher utility (or payoff), individuals either decide which
group (or coalition) to belong to or form a new coalition independently. If all the people in
each existing coalition are satisfied, the coalitions are stable, whereas if another coalition gives
a higher payoff, they move to that coalition or form such a new coalition. What coalition
structures are stable under such circumstances? This problem has been actively studied in
the field of coalition formation (Ray, 2007; Ray and Vohra, 2014).

This paper aims to examine coalition formation in the following situations: A society
consists of n individuals with heterogeneous abilities. The total surplus of a coalition rises
by total ability, not the total number of individuals, in the coalition. There is no minimum
size for a coalition to be deemed productive; that is, each individual can receive payoff
according to a production function without teaming up with other individuals. Marginal
productivity can be either decreasing, constant, or increasing. Because of social norms and/or
the considerable costs associated with more complex payoff calculations, the total surplus
of a coalition can be distributed among its members in either an egalitarian or meritocratic
way only. A coalition structure, or more simply, a structure, is stable if there is no other
coalition all the members of which receive strictly higher payoffs than in the structure. What
structures are stable under differing marginal productivities in such situations? What are
the characteristics of coalitions in such stable structures? How can stable structures be
identified? To the best of our knowledge, this paper is the first to address these questions in
this context.

As is easily expected, no coalition (with multiple members) is formed when marginal
productivity is decreasing. When marginal productivity is constant, stable structures do
not contain any egalitarian coalition because no individual will equally share total surplus
with lower-ability individuals. If total surplus is allocated in proportion to ability, pay-
offs remain unchanged, whether or not individuals form a coalition. Thus, any structures
with meritocratic coalitions, including singletons, are stable in cases of constant marginal
productivity.

The analysis becomes more complex when marginal productivity is increasing, wherein
adding a lower-ability individual to a coalition may increase the egalitarian payoff to its
members. In the special case in which average total surplus is maximized in a grand coalition,
the egalitarian grand coalition is stable. More generally, meritocratic payoffs always increase
as the coalition expands, whereas egalitarian payoffs may or may not increase as a new

member is added. Furthermore, it is possible that the payoff of a member of an egalitarian



coalition increases by joining a meritocratic coalition, even if the average total surplus is
maximized by the egalitarian coalition. A procedure to identify stable structures is then
proposed, demonstrating that egalitarian and meritocratic coalitions may coexist in a stable
structure. Furthermore, in stable structures, multiple egalitarian coalitions can exist, each
of which is always consecutive, whereas there is, at most, one meritocratic coalition, which
may or may not be consecutive. In any case, grand meritocratic coalitions are always stable
when marginal productivity is increasing.’

We consider a hedonic game (Banerjee et al., 2001; Bogomolnaia and Jackson, 2002), in
which there are no externalities across coalitions so that each individual’s payoff is completely
determined by the members of a coalition to which (s)he belongs. This paper is broadly
related to the literature on coalition formation by individuals with multi-dimensional pref-
erences or preferences depending on non-material payoff. Watts (2007) analyzes two types
of agents separately, one that seeks to be the highest status agent within the group and
another who wants to be a member of the highest status group that (s)he can join. Razin
and Piccione (2009) study partition function games in which each agent’s social ranking is
determined by power relations between coalitions as well as the agent’s ranking within the
coalition to which (s)he belongs, and each agent prefers to be ranked higher in the society.
Morelli and Park (2016) consider the case in which the total surplus of a coalition is a func-
tion of the number of coalition members (or size) and their aggregate ability (or power).
For a coalition to produce positive total surplus, its power must exceed a certain minimum
threshold. A coalition is efficient if both its size and power exceed the corresponding thresh-
olds, and the total surplus of an efficient coalition is simply its power. Among other results,
they demonstrate that there is no profitable coalitional deviation from a coalition partition
if and only if each coalition is efficient and each member’s payoff is equal to her/his ability.

Distribution rules have been extensively studied (see, for example, Moulin (1987) and
Roemer and Silvestre (1993) for representative works in this field. See also Moulin (1988,
2003) and Roemer (1996) for book-length treatments of this and related topics). Among
them, the most frequently considered are egalitarian and proportional sharing rules, which
are also incorporated into the analyses of coalition formation as distributive norms. Farrell
and Scotchmer (1988) is a pioneering work that studies core partitions when the total surplus
is equally shared within each coalition. More recently, Herings et al. (2021) analyze two types
of societies separately: one in which the total surplus of each coalition is split equally and the
other in which the total surplus is split according to individual productivity. In their model,

individuals care about their relative payoffs within the coalition as well as material payoffs.

ITherefore, the existence of stable structures, which is studied by Banerjee et al. (2001), for example, is
not the main concern of the current research.



Coalitions produce a positive total surplus when their size reaches a certain threshold. If the
size is large enough, the total surplus is the sum of the members’ productivities. They fully
characterize core partitions in each society. The main difference between previous studies
and the current research is that they consider societies with only one distributive norm,
whereas we consider the case in which two distribution rules exist.

More closely related to this study is Barbera et al. (2015), who propose a model in
which coalition members vote between egalitarian and meritocratic distributions of joint
benefits. In their main analysis, people have one of three productivities (low, medium,
and high), or can be clustered into three classes according to productivities. Coalitions
smaller than a certain size produce nothing, whereas larger coalitions produce the sum
of the members’ productivities. The conditions for the existence of core stable coalition
structures are identified, also demonstrating that meritocratic and egalitarian coalitions can
coexist in a stable coalition structure. However, in contrast to the current study, the results
are closely related to the minimum threshold size and its size relative to the numbers of
individuals with different productivities. Moreover, the results are derived through a process
that is different from ours: namely, voting. This study analyzes core partitions in a simple
coalition formation game, assuming a simpler and more general production function with
no minimum threshold size for coalitions to be productive. Furthermore, arbitrarily many
levels of individual abilities are considered, mainly focusing on the case of increasing marginal
productivity. To our knowledge, a simple coalition formation game with two distribution

rules to choose from has not been analyzed in the literature. This work seeks to fill this

gap.?

The remainder of this paper is organized as follows. Section 2 describes the model.
Section 3 presents our results. Section 4 concludes the paper and discusses the issues that

remain unsolved.

2 Model

We consider a set of n individuals, N = {1,2,...,n}, with heterogeneous abilities, a =
{ai,...,a,}. Without loss of generality, the individuals are indexed in a decreasing order
of ability: a; > as > ... > a, > 0. A coalition S is a non-empty subset of N, S C N,
where N is called the grand coalition. A subcoalition S’ of a coalition S is a subset of S,

S’ C S. Proper inclusion is denoted by C. Production takes place through a coalition. The

2 Additionally, although people often form coalitions to achieve higher marginal productivity, such cases
have rarely been the main focus of past studies. Exceptions include Farrell and Scotchmer (1988), but as
already noted, they consider a society in which only one distribution rule, an egalitarian division, is used.



total surplus of a coalition S is given by f (Zle S ai), where f is a strictly increasing, twice
differentiable function with f(0) = 0. A society is represented by (N, a, f).

We assume that social norms dictate how a coalition distributes its total surplus to its
members, and it can only choose between two division rules, that is, egalitarian division and
meritocratic division. The former divides the total surplus equally among members, whereas
the latter distributes the total surplus proportional to the members’ abilities. Let u{ and u"
represent the payoffs to individual ¢ when the total surplus is distributed according to the

egalitarian and meritocratic divisions, respectively. Then we have:

Egalitarian division: u{(S) = % =asf <Z ai> foralli e S (1)
ies

Meritocratic division: u*(S) = ZLf (Z ai> =a;f (Z ai) for i € S, (2)
ies i €S €S

where |S| is the number of members in S, ag is the average ability of the members in
S, ag = (Zies ai) /IS|, and f is the average total surplus per ability, f(ZieS ai)
f (Xicsai) / (Xiesa). A coalition that employs the egalitarian (meritocratic) division
rule will be called an egalitarian coalition (meritocratic coalition). The payoff of an indi-
vidual when (s)he belongs to an egalitarian (meritocratic) coalition is her/his egalitarian
(meritocratic) payoff.

A structure is a pair (7, p), where m = {S1,..., Sy} is a partition of N and p is a function
that specifies a division rule of each coalition. A coalition blocks a structure if the payoff of
each member of the coalition is strictly higher than the payoffs allocated in the structure. A

structure is stable if no coalition blocks it.

3 Stable structures

This section presents our main results. We consider stable structures for the cases of constant,

decreasing, and increasing marginal productivity.

3.1 Constant marginal productivity

We will first consider linear production functions. In this case, if a higher-ability individual
belongs to the same egalitarian coalition as lower-ability individuals, her /his payoff is lower
than when (s)he is alone. Since the individuals’ abilities are assumed to be heterogeneous,
no egalitarian coalition exists in a stable structure. Furthermore, as the average total surplus

per ability is constant, as per equation (2), the meritocratic payoff of each individual does not
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depend on which meritocratic coalition they belong to. Therefore, the following proposition

holds for the case of constant marginal productivity:

Proposition 1. If f is linear (f” = 0), then any partition with meritocratic division in each

coalition, including singletons and the grand coalition, is stable.

Proof. 1f there is an egalitarian coalition with multiple members, then the payoff of (at
least) the highest-ability individual increases through exiting the coalition alone and form-
ing a singleton; thus, there is no egalitarian coalition (with more than one member) in a
stable structure. Since the average total surplus per ability, f, is constant, each individ-
ual’s meritocratic payoff remains unchanged, regardless of what coalition (s)he belongs to,
including a singleton. Thus, no meritocratic coalition blocks a structure consisting of only

meritocratic coalitions. It is obvious that no egalitarian coalition blocks such partitions. [J

As a result, each individual ¢ € N receives f(a;) in stable structures when the production

function is linear.

3.2 Decreasing marginal productivity

A few basic facts will be used repeatedly to obtain results for cases of decreasing and increas-
ing marginal productivity, so we state those as lemmas. Let a set of consecutively indexed
individuals be S, = {j,7+1,...,k—1,k} (j < k). In the special case of j = k, we define as
S;; = {j}. For j <k, such coalitions are called consecutive coalitions, following Greenberg

and Weber (1986) and Herings et al. (2021). The egalitarian payoff of individual i € S; is
given by uf(Sjx) = f(£1; i)/ (k= j + 1),

Lemma 1. Fori e Sjy, uf(S;x) is decreasing in k if f <0, decreasing in j if f” > 0.
Proof. u$(S;y) is rewritten as

Sies,, [ (S0, a) - 7 (Tihan)]

u?(Sj,k) - |Sk

Y

where f (Zz;]l a;) is defined as 0.
Since ars1 < a; for all i € Sy, if f7 <0, then f(37 ;) — F(0 @) < f(0; ai) —

i=j
f (Zi;} a;) for all I € S;; thus, adding individual k+1 to S; reduces the egalitarian payoff.

Suppose f” > 0. Adding individual j to Sji1, increases total surplus by f (Zf:j a;) —
f(Zf:jJrl a;). Since a; > a; for all ¢ € S;41,, we have f(Z?:j a;) — f(Zf:jH a;) >
f(Z:iZjJrl a;) — f(Zi;;H a;) for all [ € Sj11 . Therefore, the egalitarian payoff increases
by adding individual 7, that is, it is decreasing in j. O



As the following example shows, uf(S;x) may not be decreasing in j (in k) if f” < 0

(f" > 0).

Example 1. Suppose N = {1,2,3} and a = {5,4,3}. If f(x) = 2'/2, then u{(Sy3) =
VT/2=1.32... > 1.15... = v/12/3 = u¢(S1 3). So u$(S;3) is not decreasing in j. If f(z) = 22,
then u(S12) = 92/2 = 40.5 < 48 = 12%/3 = u¢(S1 3); thus, u(S14) is not decreasing in k.

The next lemma concerns the relationship between meritocratic payoff and coalition size

for any, not necessarily consecutive, coalitions:
Lemma 2. Forie S, u*(T) > (<,=)u*(S) for SC T if f" >0 (f" <0, f"=0).

Proof. u*(S) is given by the individual’s ability a; multiplied by the average total surplus
per ability f (ZZE s ai) / (ZZE s ai), where the latter is strictly increasing (strictly deceasing,
constant) in aggregate ability if f” > 0 (f” <0, f” = 0). Since the aggregate ability ), g a;

increases as S expands, the lemma is proved. O

Using Lemmas 1 and 2, we obtain the following result for the case of decreasing marginal

productivity.

Proposition 2. If f” < 0, then no individual forms a coalition with any other individual in

stable structures.

Proof. From the proof of Lemma 1, an individual’s egalitarian payoff decreases if (s)he forms
a coalition with lower-ability individuals. Based on Lemma 2, meritocratic payoff decreases
if an individual forms a coalition with any other individual(s). Thus, no coalition with more

than one member is formed if f” < 0, and each individual i € N receives f(a;). O

3.3 Increasing marginal productivity

When marginal productivity is increasing, f” > 0, the average total surplus per ability always
increases as a coalition expands. Therefore, based on equation (2), an individual’s merito-
cratic payoff increases as new members join the coalition to which (s)he belongs. Obviously,
the egalitarian payoff increases as a higher-ability individual than the current members joins
a coalition.® Depending on the degree of increase in marginal productivity and the ability of a
newly added individual, the egalitarian payoff may also increase as a lower-ability individual
joins the coalition. As shown in equation (1), the payoffs of those with higher-than-average

(lower-than-average) abilities are lower (higher) than those of a meritocratic coalition with

3Lemma 1 shows that this is the case for consecutive coalitions. It will be shown in Lemma 4 that if
stable structures contain egalitarian coalitions, then they are all consecutive.



the same aggregate ability. These factors can influence one another to determine a stable
structure in the case of increasing marginal productivity.
First, note the following basic property of a meritocratic coalition and egalitarian sub-

coalitions.

Lemma 3. Suppose f” > 0 and consider a meritocratic coalition S C N. There is no
egalitarian subcoalition S” C S in which all its members receive a strictly higher payoff than

in the meritocratic coalition S.

Proof. Since S C S, by Lemma 2, the meritocratic payoffs of all the individuals in S" are
(weakly) lower than those received in S. The payoff of at least the highest ability individual

in S’ further decreases when S’ is egalitarian. O

Note that the above lemma holds for any egalitarian subcoalitions, whether consecutive
or not. If we apply Lemma 3 to the grand meritocratic coalition, we obtain the following

result:*
Proposition 3. If f” > 0, then the grand meritocratic coalition is stable.

Proof. From Lemmas 2 and 3, no egalitarian or meritocratic coalition, whether consecutive

or not, blocks the grand meritocratic coalition. O]

If the degree of increase in marginal productivity is high and/or the distribution of
abilities is sufficiently equal, the average total surplus may be maximized by the grand

coalition. In such cases, the following proposition holds:

Proposition 4. If f” > 0 and if u§(S1 ) is maximized at k = n, then the grand egalitarian

coalition is stable.

Proof. (a) No egalitarian coalition blocks the grand egalitarian coalition: The higher the
abilities of a coalition’s members, the higher the average total surplus of the coalition.
Thus, the coalition that attains the maximum average total surplus must include in-
dividual 1 and be consecutive; that is, S;; for some k£ € N. Since the average total
surplus is maximized by the grand coalition S}, = N, no egalitarian coalition blocks

the grand egalitarian coalition.

(b) No meritocratic coalition blocks the grand egalitarian coalition: Suppose not. Then,
a meritocratic coalition S C N exists in which all members receive a strictly higher
payoff than u$(N). This means that the average total surplus of S is greater than that
of the grand coalition, a contradiction to (a).

O

4As Proposition 1 shows, this result holds for f” = 0 as well.



A special case in which the average total surplus is maximized by the grand coalition is
when the egalitarian payoff of a consecutive coalition always increases as it allows individuals
with lower abilities to join. Thus, the next corollary follows immediately from Proposition

4. Note that u$(S ) is strictly increasing in £ only when f” > 0.

Corollary 1. If u§(Sy1) is strictly increasing in k € N, then the grand egalitarian coalition

1s stable.

Needless to say, the average total surplus may not be maximized by the grand coalition.
In particular, if the rate of increase in marginal productivity is not very high or if ability
distribution is unequal, the average total surplus of a coalition would decrease as a lower-
ability individual joins the coalition. We will then use the following feature to simplify the

study of such cases.

Lemma 4. If a stable structure contains any egalitarian coalitions, then they are all consec-

utive.

Proof. From Propositions 1 and 2, a stable structure contains egalitarian coalitions only if
f"” > 0. Suppose that, in a stable structure, there is a non-consecutive egalitarian coalition
S that includes S" and S”, where max{: |7 € S’} + 1 < min{j | j € S”}. Let individual k
be the lowest-ability individual in S’; that is, K = max{i | ¢ € S"}. Suppose that individual

k + 1 belongs to coalition T'(# S), which is either egalitarian or meritocratic.

(a) Ifug(S) > ug 4 (T) or up(S) > up, (T, then the egalitarian coalition (S\{j})U{k+1}
with j € S” blocks the structure.

(b) Ifug(S) < ug4(T), then the egalitarian coalition (T\{k+1})U{k} blocks the structure.
(c) If u(S) < ui’1(T), then the meritocratic coalition T"U {k} blocks the structure.

Since (a)—(c) exhaust all possibilities, there exists no non-consecutive egalitarian coalition

in any stable structures. O

It then turns out that if adding a lower-ability individual to consecutive egalitarian
coalitions always lowers the average total surplus, the grand meritocratic coalition is the

only stable structure.

Proposition 5. If f” > 0 and u$(S;) > u(Sjk+1) for all j < k < n —1, then the only

stable structure is the grand meritocratic coalition.



Proof. From Proposition 3, the grand meritocratic coalition is stable. Suppose that another
stable structure exists. If that structure contains an egalitarian coalition, then from Lemma
4, it must be consecutive. However, from u$(S; ) > uf(S;x+1) for all j < k < n—1, the struc-
ture is blocked by an egalitarian coalition consisting of all members of the egalitarian coali-
tion but the lowest-ability one. Thus, the stable structure must consist of only meritocratic
coalitions. However, from Lemma 2, any structure with multiple meritocratic coalitions is

blocked by the grand meritocratic coalition. Therefore, the proposition is proved. O

More generally, the egalitarian payoff may or may not decrease when a lower-ability indi-
vidual joins the coalition. If the average total surplus decreases, the members of egalitarian
coalitions will not allow lower-ability individuals to join. Moreover, egalitarian payoffs must
be high enough to motivate higher-ability individuals to stay in the coalition. Combining
these observations with Lemma 4, egalitarian coalitions in a stable structure, if any, must be
consecutive, S; 5 (j < k), such that the egalitarian payoff u$(S; ) is maximized by k given
j. This corresponds to the Choice of the Strongest Procedure in Herings et al. (2021) (see
also Farrell and Scotchmer, 1988). In this current model, however, individuals can choose to
form not only an egalitarian coalition but also a meritocratic coalition; thus, their procedure
helps find only candidates of egalitarian coalitions in a stable structure.

To seek stable structures for more general cases in the current setting, we need to extend
their procedures to incorporate the possibility of the formation of a meritocratic coalition.
As noted above, it is necessary for the average total surplus of an egalitarian coalition to be
maximized, given the highest-ability member. Those who do not benefit from joining an egal-
itarian coalition will join a meritocratic one (or will not join any coalition). From Lemma 2,
the members of meritocratic coalitions always benefit by accepting new members. Therefore,
egalitarian payoffs must be high enough to keep members of egalitarian coalitions—especially
higher-ability ones—from moving to or forming a meritocratic coalition.

Taking these points into consideration, let us consider the following procedure.

Step 1. Find £ € N at which u§(S;x) (¢ € Six) is maximized. If there is more than one

maximizer, choose any one of them.
Step 2.
Case 1: If the maximizer in Step 1 is k = 1, then include the highest-ability individual in

a meritocratic coalition S™.

Case 2: If the maximizer in Step 1 is k& # 1, then denote it by k; and form an egalitarian
coalition S; = {1,...,k1}. If k; = n, the grand egalitarian coalition is formed

and the procedure ends.



Step 3. If the grand coalition is not formed in Step 2, then apply Steps 1 and 2 to N\{1}
in Case 1 and N\S; in Case 2, instead of N. If an egalitarian coalition is formed in

the former case (the latter case), denote it by S7 (S5s).

Step 4. Repeat the above steps until every individual belongs to some newly formed coali-

tion, which may also be singletons.

As a result of the above steps, one of the following two cases occurs:
Case A. All individuals belong to the grand coalition: The procedure ends in this case.

Case B. There is at least one (non-grand) egalitarian coalition: Let (7, p) denote the struc-
ture. Let Sy,..., Sy (H > 1) be the egalitarian coalitions and 57, ..., Sy their sub-
coalitions, respectively. If there are no S7,...,S% such that the joint meritocratic
coalition ST U. ..U Sy US™ blocks (7, p), where S™ may be empty, then the procedure
ends. Otherwise, proceed to Step 5.

Step 5. Add the largest set S7U. ..U S}, that satisfies the following condition to the merito-
cratic coalition S™: all individuals in the set are strictly better off in the expanded mer-
itocratic coalition, that is, u¢(S) < u™(SjU...USLEUS™) foralli € S, (h=1,...,H).?
Let the subsets S7, ..., Sy in this largest set and the expanded meritocratic coalition

be respectively denoted by S7,...,S% and S, and proceed to Step 6.

Step 6. Let 7™ C S™ be the set with the greatest aggregate ability such that all individuals
1 € T™ are strictly better off joining egalitarian coalitions that are formed by applying
Steps 1-4 to (S71\S7) U ... U (Sg\S%) UT™ than staying in the meritocratic coalition
(SM\T™) U {i}. (Note that 7™ may be empty.)°

Let (7*, p*) be a structure resulting from the above procedure. The following proposition
holds:

Proposition 6. (7%, p*) is stable.

Proof. From Propositions 3 and 4, (7*, p*) is stable when 7* is the grand coalition, whether
egalitarian or meritocratic. So suppose there is at least one (non-grand) egalitarian coalition

in 7*.

®Individuals who belong to the same egalitarian coalition receive the same payoff. From (2), an individual
with a higher ability receives a higher payoff in the meritocratic coalition. Therefore, if S} is not empty,
then it must include the highest ability individual in S} and be consecutive.

61f in Step 5 individuals in egalitarian coalitions anticipate that Steps 1-4 will be applied to those who
remain in egalitarian coalitions and only those who are still better off moving to the meritocratic coalition
join it, then Step 6 can be omitted.
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From Step 6, those who benefit from joining egalitarian coalitions that accept them
have already done so. Moreover, because Steps 1-4 have been applied to all individuals in
egalitarian coalitions, (S1\S7)U...U(Sg\S%)UT™, there is no egalitarian coalition in which
a subset of them can receive a strictly higher payoff. Hence, no egalitarian coalition blocks
(7, p%).

Individuals in (S1\S7)U...U(Sk\SY) remained in egalitarian coalitions when they could
move to SM. As individuals in 7™ join egalitarian coalitions and Steps 1-4 are applied to
(S1\SY) U ... U (Sg\S%) UT™, the payoffs of those in (S1\S]) U ... U (Sg\S¥) increase
(at least weakly), whereas the payoffs they can receive by joining the meritocratic coalition
SM\T™ decrease. Hence, their payoffs do not increase by joining the meritocratic coalition
SM\T™. From Step 6, individuals in 7™ also receive higher payoffs in egalitarian coalitions
than by joining the meritocratic coalition SM\T™. Thus, there is no meritocratic coalition
that blocks (7%, p*) either. Therefore, (7%, p*) is stable. O

As reflected in the above procedure and Proposition 6, since meritocratic payoffs increase
as the coalition expands, the members of meritocratic coalitions are always willing to merge
with other meritocratic coalitions, whether or not there are egalitarian coalitions. This

naturally leads to the following result:

Corollary 2. At most, there is one meritocratic coalition in a stable structure, which may

not be consecutive.
The following examples show how the above procedure is applied to simple societies.

Example 2. Suppose that f(z) = 2%, N = {1,2,3,4} and a = {10,9,2,0.5}. From Steps
1-4, an egalitarian coalition S¢ = {1,2} and a meritocratic coalition S™ = {3,4} are formed,
where u$(S§) = u§(S§) = 180.5, u§*(S™) = 5 and uj*(S™) = 1.25. By applying Step 5, the
grand meritocratic coalition is formed, in which the individuals’ payoffs are uj*(N) = 215,
WP (N) = 193.5, u(N) = 43, and uJ'(N) = 10.75.

Example 3. Suppose that f(z) = 2% N = {1,2,3,4} and a = {10,9,0.5,0.1}. From Steps
14, S¢ = {1,2} and S™ = {3,4} are formed, where u§(S¢) = u$(5¢) = 180.5, uj*(S™) = 0.3
and uf'(S™) = 0.06. If the grand meritocratic coalition is formed, individual 1’s payoff
increases to 196, whereas individual 2’s payoff decreases to 176.4. If only individual 1 forms
a meritocratic coalition with individuals 3 and 4, then her/his payoff is 106, which is lower
than the egalitarian payoff in S¢ = {1, 2}, that is, 180.5. It is not profitable for individual 2

to join the meritocratic coalition S™, either. Therefore, the structure is stable.

Though it does not affect our main results, it may be of interest to examine whether

a stable structure exists in which individuals with higher abilities belong to a meritocratic
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coalition and individuals with lower abilities belong to an egalitarian coalition. The following

example shows, in a bit of an abstract way, that this case can possibly occur.

Example 4. Consider N = {1,2,3,4} and a = {ay, as, as, as}. Suppose that, as a result of
the procedure, individual 1 belongs to a singleton and the other three individuals form an

egalitarian coalition S. That is,

f(az + a3) < S (Zz‘es ai) < f (ZiEN ai)

flaz), =5 3 A

S f(a1>7 (3)

where the second inequality follows from Lemma 1.
For this structure to be stable, the meritocratic payoffs for individuals 2 to 4, if they
form a meritocratic coalition with individual 1, must be weakly lower than their egalitarian

payoff in S:

% flay + a) < f (Zies a,-) —a f (Zies ai) N fla1 + ap) < S (Zies ai)

2 = =ag X =
a1 + as 3 Y icg i a; + as 3as

(4)

f(Z?:l ai) < f(Zies ai) _ f(Zies ai) o f(Z?:l ai) < f(ZieS a,-)

“ Z?:l a 3 s Dies @i Z?:l a; 3a3
f (ZiGN ai) / (ZiES ai) f (ZiEN ai) S (Zz‘es ai)
ZieN a; = 3 < ZieN a; = 3ay

From Equation (4), as > a3 > a4 and ay > ag, we have a; < a3z + a4 < 2a3, or

()

(6)

ay X

ay > a; — ag and a,/2 < a3 < ag. From Equation (5) and 337  a; > Y icg i, we have
az < ag, or equivalently, as — az > as — a4 must hold.
If all the conditions (3)—(6) are satisfied, the structure is stable.

3.4 Ability and payoff

Lastly, we note a general property of the relation between ability and payoff that holds for
each case of decreasing, constant, or increasing marginal productivities. As in Farrell and
Scotchmer (1988), wherein total surplus is always divided in an egalitarian way, the payoff
of an individual in a stable structure is (at least weakly) greater than the payoffs of those

with lower abilities in the current setting as well.

Proposition 7. In a stable structure, each individual’s payoff is at least weakly higher than

the payoffs of individuals with lower abilities.

Proof. From Propositions 1 and 2, the assertion is obviously true if f” = 0 or f” < 0.

Suppose f” > 0 and consider individuals j and k with j < k. If these individuals belong to
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the same coalition, then the claim follows directly. So let j € S and k € T', where S # T.

(a) TFu$(S) < up(T) or u*(S) < ug(T), then the egalitarian coalition (T\{k})U{j} blocks

the structure.
(b) If u$(S) < u*(T), then the meritocratic coalition T'U {j} blocks the structure.
(¢) If u*(S) < wu*(T), then the meritocratic coalition S UT blocks the structure.

Therefore, individual j’s payoff cannot be lower than individual k’s payoff in any stable

structure. O

The above proof demonstrates that if individuals j and & (j < k) belong to different
coalitions in a stable structure, then the payoff of individual j is strictly higher than that of

individual k.

4 Discussion and conclusion

This paper analyzes a simple coalition formation game under different marginal productivi-
ties when total surplus can be distributed in either an egalitarian or a meritocratic manner.
As can be easily expected, no individual forms a coalition with any other individuals if
marginal productivity is decreasing, whereas if marginal productivity is constant, there is
no egalitarian coalition in a stable structure and individuals are indifferent regarding the
meritocratic coalition to which they belong, including singletons.

If marginal productivity is increasing, the grand meritocratic coalition is always stable.
In addition, if the average total surplus is maximized by the grand coalition, then the grand
egalitarian coalition is also stable. More generally, we propose a procedure to help identify
stable structures, in which egalitarian and meritocratic coalitions may coexist. In stable
structures, multiple egalitarian coalitions can coexist, all of which must always be consecu-
tive, but there is, at most, one meritocratic coalition, which may or may not be consecutive.

This paper does not delve into the relationship between the distribution of abilities,
marginal productivity, and stable structures. As the following examples demonstrate, con-
sideration of more concrete production functions and ability distribution could present an-
other research direction that will lead to a more comprehensive understanding of the effects

of marginal productivity and ability distributions on stable structures.

Example 5. Suppose that f(z) = 22 and N = {1,2,3,4}. If the distribution of ability is
more equal, such as a = {10,9,8, 7}, then the grand egalitarian coalition is formed according

to the procedure. (From Proposition 3, the grand meritocratic coalition is also stable.)
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In contrast, if abilities are more unequally distributed, such as o’ = {10,4,1,0.4}, or the
highest-ability individual has a much higher ability than the rest of the population, as in

a” = {10, 3,2,1}, then the grand meritocratic coalition is formed.

Example 6. Suppose N = {1,2,3} and a = {15,6,4}. If f(x) = 22, then the grand meri-
tocratic coalition is the only stable structure. However, if f(z) = 23, the grand egalitarian
coalition is also stable. More generally, it is expected that as marginal productivity increases,

egalitarian coalitions are more likely to be contained in a stable structure.

Finally, in our analysis, we assume that egalitarian and meritocratic divisions are the
social norms of surplus distribution in society. The investigation of what kinds of distribution
norms arise with different levels of marginal productivity and different ability distributions

is an important issue that deserves further research.”
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